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We derive closed-form expressions for the first four single-point statistical moments of the solution
to a nonhomogeneous stochastic advection equation with a linear relaxation. While analytical so-
lutions exist for homogeneous systems, nonhomogeneous cases have traditionally relied on intensive
numerical simulations. Here, we investigate an analytical framework in a nonhomogeneous case. To
include memory effects, we preserve a nonzero correlation time by treating the Gaussian transport
velocity field as a piecewise-constant stochastic process. Using the method of characteristics, we
solve the advection equation analytically and derive explicit and simple algebraic expressions for
its moments in the small displacement limit as functions of the velocity field’s variance and corre-
lation time, relaxation time, and the mean state of the field. Our results show that variance and
excess kurtosis scale linearly with both the correlation and relaxation timescales, while skewness is
proportional to the square root of their product. The analytical results are validated against nu-
merical simulations, demonstrating excellent agreement across a range of physical parameters. The
resulting theory acts as a generalized “equation-of-state” style approach for predicting variability
and non-Gaussian statistical behavior directly from the macroscopic mean state, providing potential
applicability across transport systems with a wide range of length scales and correlation time scales,
such as planetary atmospheres and porous media flows.

I. INTRODUCTION

[PAY ATTENTION TO DEFINITION OF EACH
VARIABLE]The advection equation is a fundamental
tool for characterizing the transport of physical quan-
tities within fluid media. It is widely utilized to model
tracer transport such as advection of chemical concen-
tration in porous media [1–3], the evolution of scalar
fields such as temperature [4], humidity [5], and pollutant
concentrations [6, 7] in the high-Péclet-number regimes
where diffusion effects become negligible. Due to its im-
portance, methods to solve the advection equation in var-
ious conditions have been researched [8, 9].

While certain physical systems are adequately de-
scribed by deterministic velocity fields, others are more
accurately represented by stochastic transport velocities.
In geology and hydrology, the advection equation with
a random velocity field describes solute transport with
random permeabilities in porous media [10–13]. In atmo-
spheric sciences, it describes transport of passive scalars
such as temperature in highly turbulent regions [14–16].
On astrophysical scales, similar stochastic ideas can be
applied to model the propagation of cosmic rays, where
the turbulent magnetic fields induce random particle tra-
jectories [17, 18].

Consequently, significant efforts have been directed to-
ward understanding the advection of physical quanti-
ties with random velocity fields to understand the sta-
tistical properties of the resulting solutions. Follow-
ing Kolmogorov’s work [19], Kraichnan [20] applied the
idea of structure functions to passive scalars advected
by random velocity fields to calculate anomalous scal-
ing of structure functions. Subsequent work has refined
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Kraichnan’s theory by calculating more precise scaling
exponents [21], consideration of a finite correlation time
[22], and combining the theory with Taylor’s frozen-flow
model [23]. Dynamical considerations have been investi-
gated through equations of motion with an additive ran-
dom forcing term to calculate the system’s PDF via the
Langevin and Fokker-Planck frameworks [24], as well as
through direct approaches to solving the homogeneous
advection equation with random velocity fields [25–28].

Although these previous studies have significantly ad-
vanced the stochastic transport theory, their analytical
frameworks focused primarily on homogeneous advection
equations [25–28] or on multi-point observables, most no-
tably structure functions [20–23]. While structure func-
tions are effective for determining scale-invariant proper-
ties by calculating the moments of the spatial difference
of a field, they do not contain information about statisti-
cal moments at a fixed location. However, tracking these
local single-point statistics is fundamental for character-
izing the emergence of a non-Gaussian extreme probabil-
ity distribution of the field. Understanding these local
statistical properties is essential for calculating the prob-
ability of rare events of any tracer quantity in highly fluc-
tuating media, such as turbulent atmospheres or porous
media. Consequently, in the absence of a tractable ana-
lytical framework for the nonhomogeneous case, calcula-
tions of single-point moments have historically depended
on numerical simulations [14, 29].

In this study, we present a fully analytical framework
for calculating the single-point statistical moments of the
solution of the nonhomogeneous advection equation sub-
ject to linear relaxation and stochastic transport with
finite memory effects, where the linear relaxation mecha-
nism models a continuous source and sink that drives the
field back toward its spatial equilibrium profile. While
this formulation relies on a specific forcing term, lin-
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ear relaxation is a reasonable approximation in diverse
transport applications. Establishing analytical solutions
for this particular case therefore provides a theoreti-
cal benchmark for nonhomogeneous stochastic advection
problems. To derive closed-form expressions, we adopt
two idealized assumptions: first, to preserve fluid mem-
ory effects, instead of invoking the standard white-noise
limit, the Gaussian velocity field is treated as a piecewise-
constant stochastic process in time; second, the system
is in the small displacement limit, where the character-
istic distance traveled by the fluid within the velocity
correlation time is small compared to the characteristic
length scale of the spatial change of the field (i.e., the
fluid does not see the change in the field within the ve-
locity correlation time scale). Under these constraints,
we derive closed-form expressions of the single-point sta-
tistical moments that depend solely on the variance and
the correlation time of the Gaussian velocity field, the
relaxation time, and the mean state of the field. By con-
necting moments with the mean profile with closed-form
expressions, our framework provides a highly efficient al-
ternative to traditional numerical simulations. In doing
so, this work extends the analytical framework previ-
ously restricted to homogeneous systems into a nonho-
mogeneous case. These analytical expressions establish
an “equation-of-state” style approach for the transport
system, directly mapping microscopic temporal variabil-
ity (the localized statistical moments) onto macroscopic
spatial structure (the mean profile and its derivatives),
while accounting for the finite memory effects of the ve-
locity field.

II. MODEL SETUP

A. Stochastic Advection Equation and Its Exact
Solution

Let us consider a one-dimensional fluid that transports
a field u(x, t) that is a function of position x and time t,
where the transport of u(x, t) occurs stochastically due to
a random velocity field v(t) while approaching an equilib-
rium profile ue over time. As an idealized approximation
of this process, we use a one-dimensional stochastic ad-
vection equation with linear relaxation:

∂u(x, t)

∂t
+ v(t)

∂u(x, t)

∂x
= −u(x, t)− ue(x)

τ
, (1)

where τ is the characteristic timescale of the linear re-
laxation, ue(x) is assumed to be a smooth function that
depends only on x, and v(t) is a Gaussian noise that
depends only on t.

We solve Eq. (1) via the method of characteristics, as
was done by [30] in the homogeneous case. Parameteriz-
ing the system with r and s, the characteristic equations

of Eq. (1) are

dt

dr
= 1 (2)

dx

dr
= v(r) (3)

du

dr
= −u− ue(x)

τ
. (4)

With the initial conditions t(0) = 0, x(0) = s, and
u(0, s) = ui(s), we obtain

r = t (5)

x = s+∆s(r) (6)

∆s(r) =
∫ r

0
v(r′)dr′ , (7)

u(r, s) = ui(s)e
−r/τ

+ e−r/τ 1

τ

∫ r

0

ue(s+∆s(r′))er
′/τdr′.

(8)

Since ue(s) is differentiable with respect to s and ∆s(r′)
is differentiable in r′, we now rewrite Eq. (8) with inte-
gration by parts:

u(r, s) = ui(s)e
−r/τ + ue(s+∆s)− ue(s)e

−r/τ

− e−r/τ

∫ r

0

∂ue

∂s
(s+∆s(r′))v(r′)er

′/τdr′.
(9)

To find its steady-state solution, we pick r large enough
that (ui(s) − ue(s))e

−r/τ ≪ ue(s + ∆s) for all s. For
this to be true with any finite ui(s), we must have τ ≪ r
(hence τ ≪ t), which we set as an assumption of our
model. Then Eq. (9) approaches

u(r, s) = ue(s+∆s)

− e−r/τ

∫ r

0

∂ue

∂s
(s+∆s(r′))v(r′)er

′/τdr′,
(10)

which is clearly independent of the initial condition (and
coincides with the exact solution when u(0, s) = ue(s) is
used as the initial condition).
Equation (10), along with Eq. (5)–(6), provides the ex-

act steady-state solution to Eq. (1) for any velocity field
v(t) regardless of the initial condition. However, calculat-
ing the statistical moments of u(t, x) in this general form
remains analytically intractable due to the complexity of
the integral.

B. Asymptotic Expansion and Noise Discretization

To obtain a closed-form solution or the statistical mo-
ments of u(t, x), we model the noise v(t) as a piecewise-
constant, stationary Gaussian process. Specifically, v(t)
takes a random value sampled from a time-invariant
Gaussian distribution over successive intervals of dura-
tion ∆t ≪ t. Because the mean and the variance of v(t)
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remain constant over time, the system’s steady-state con-
dition is preserved. This conceptually represents a stair-
case with random step heights in time, given by

v(t) =
∑
i

vi (H(t− ti)−H(t− (ti +∆t))) , (11)

where vi ∼ N (0, σ2
v), vi and vj are uncorrelated if i ̸= j,

and H(x) is a Heaviside step function. Here, ∆t repre-
sents the finite velocity correlation time scale. Instead of
the standard continuous framework where velocity cor-
relation decays exponentially, the memory effect enters
the model discretely: the velocity v(t) remains constant
over a duration ∆t and completely uncorrelated across
other intervals, yielding a piecewise-constant autocorre-
lation function. From now on, we shall call each step of
such ’stairs’ a time step for convenience. In this study, we
consider only the case where the fluid does not ‘see’ the
curvature of ue and that of its spatial derivatives during
its travel within the velocity correlation time ∆t; namely,
when he length scale of the spatial change in the nth

derivative of the equilibrium profile is much larger than
the typical distance the fluid moves within the timescale
of the noise ∆t:

v(t)∆t ≪ dnue(x)/dx
n

dn+1ue(x)/dxn+1
, n = 0, 1, 2, . . . , (12a)

or equivalently,

δn :=
v(t)∆t

dnue(x)/dxn

dn+1ue(x)/dxn+1

≪ 1, n = 0, 1, 2, . . . (12b)

on average. This is a regime applicable to physical sys-
tems such as Earth’s atmospheres [31–35]. The cases
where the validity of (12a) brakes down include regions
with an abrupt change in the equilibrium field ue and
the case where the distance traveled by the fluid within
one correlation time v(t)∆t is large due to high veloc-
ity or long fluid memory effects. Note that this crite-
ria is satisfied when the denominator of the right side
of (12a) is zero, and not satisfied when the numerator
is zero. This also means if dnu/dxn = 0 for some n and
dn+1u/dxn+1 ̸= 0, then (12a) is guaranteed not to be sat-
isfied. In a physical system, dnu/dxn is most likely to be
not exactly zero, and the necessary condition is that all
higher-order terms in the expansion are small compared
to the leading-order terms. However, we will use a more
restrictive condition (12a) to simplify our discussion.

Utilizing this limit, we expand ∂ue/∂s(s +∆s) in the
integrand in Eq.(10) about s:

u(r, s) = ue(s+∆s)− u′
e(s)e

−r/τ

∫ r

0

v(r′)er
′/τdr′

− u′′
e (s)e

−r/τ

∫ r

0

∆s(r′)v(r′)er
′/τdr′ + . . . ,

(13)

where a prime is used to indicate the derivative with
respect to its argument (i.e., u′

e(s) = due(s)/ds). Now

Eq. (13) can be expressed in terms of t and x via Eqs.
(5)–(7) as

u(t, x) = ue(x)− u′
e(x−∆x)e−t/τ

∫ t

0

v(t′)et
′/τdt′

− u′′
e (x−∆x)e−t/τ

∫ t

0

∆s(t′)v(t′)et
′/τdt′ − . . . ,

(14)

where ∆x(t) =
∫ t

0
v(t′)dt′. We further expand this ex-

pression about x to find

u(t, x) = ue(x)− u′
e(x)e

−t/τ

∫ t

0

v(t′)et
′/τdt′

− u′′
e (x)e

−t/τ

∫ t

0

(∆x(t′)v(t′)−∆x(t)v(t′))et
′/τdt′

− . . . .

(15)

Equation (15) and our asymptotic limits serve as the ba-
sis for calculating analytical forms of statistical moments
of the solution u(t, x) in the next section.

III. STATISTICAL MOMENTS

We now proceed with the step-by-step derivation of
the first four statistical moments in terms of statistical
properties of the velocity fields and the spatial derivatives
of the mean profile ū, using the asymptotic limit (12a)
established in Subsec. II, only up to the lowest relevant
order in δn, which is equivalent to keeping only the low-

est order in v(t) (keeping in mind that ∆x =
∫ t

0
v(t′′)dt′′)

in this case. Since ∆t ≪ t and the distribution of v(t)
is time-independent with uncorrelated steps, the noise
process is ergodic. Consequently, over a time duration
t ≫ ∆t, the system experiences a sufficiently large num-
ber of independent random velocity steps to ensure that
the time average at a fixed location is equivalent to the
ensemble average. We will simply refer to such average
as average in this section. For conciseness, the explicit
spatial argument x in ue(x) and its derived quantities
will be omitted hereafter.

A. First Moment

The first moment (average), evaluated to the lowest
order in v (second order in this case), is given by taking
the average of Eq. (15):

ū = ue − u′′
e

∫ t

0

(∆x(t′)v(t′)−∆x(t)v(t′))e(t
′−t)/τdt′, (16)

where the bar indicates the average. We first consider the
second term in the integrand, ∆x(t)v(t′). Since t′ ≤ t,
somewhere within the domain of integration for v(t′′) in

t′′ in the calculation of ∆x =
∫ t

0
v(t′′)dt′′, there exists

a time step that includes t′. This is the only part of
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FIG. 1. A schematic of the stochastic velocity given by Eq.
(11) as a function of time. A nonzero correlation between

v(t′) and ∆x(t) =
∫ t

0
v(t′′)dt′′ for t′ ≤ t occurs only at the

time step that includes t′′ = t′, and the correlation is present
for the entire time step ∆t.

FIG. 2. A schematic of the stochastic velocity given by Eq.
(11) as a function of time. A nonzero correlation between

v(t′) and ∆x(t′) =
∫ t′

0
v(t′′)dt′′ occurs only at the last time

step of the integration, the one that includes t′′ = t′, and the
correlation is present only for a fraction ϵ of the time step ∆t.

∆x(t) that is correlated with v(t′), and unless t′ ≤ t is
in the last time step of the integration, the entire time
step is integrated in the calculation of ∆x(t) (see FIG.
1). We ignore the case where t′ is in the last time step,
as despite its existence, the difference makes a negligible
contribution to the integral in Eq.(16) when t ≫ ∆t.
Hence,

∆x(t)v(t′) = v(t′)2∆t = σ2
v∆t, (17)

where σv is the standard deviation of v(t).
On the other hand, the first term in the integrand of

Eq. (16) is given by

∆x(t′)v(t′) = ϵ(t′)σ2
v∆t, (18)

where ϵ(t′) is the fraction of the time step that includes

t′. Since the integration of v(t′′) in ∆x(t′) =
∫ t′

0
v(t′′)dt′′

stops at t′, the nonzero correlation between ∆x(t′) and
v(t′) is present only within a fraction ϵ(t′) of the time
step that includes t′ (see FIG. 2).

Since ϵ(t′) takes purely random values between 0 and
1 at each t′, its average value is 1/2. Thus, after the

integration in t′ in Eq. (16), we find the first moment

ū(x) = ue +
1

2
u′′
eσ

2
v∆tτ = ue + u′′

eσ
2
x, (19)

where

σ2
x =

1

2
σ2
v∆tτ. (20)

Equation (19) shows that the average of u is shifted from
the equilibrium profile by a quantity proportional to the
correlation time, relaxation time, variance of the velocity
field, and the second derivative of the equilibrium profile.
Thus, a linear ue does not shift ū from ue, but a nonlinear
ue shifts the ensemble mean by the quantity proportional
to u′′

e and σ2
x, which is the average variance of the distance

traveled by the fluid during a one-dimensional random
walk with a step size of σv∆t over a time τ (i.e., half of
the variance at time τ).

B. Second Moment

The second moment (variance), evaluated to the lowest
order in v (second order in this case), is

σ2
u = (u− ū)2

= e−2t/τu′2
e

∫ t

0

∫ t

0

v(t′)v(t′′)e(t
′+t′′)/τdt′dt′′,

(21)

where

v(t′)v(t′′) = σ2
v (22)

when t′′ and t′ are in the same time step, and zero oth-
erwise. Thus, in the limit τ ≪ t,

σ2
u = e−2t/τu′2

e

∫ t

0

σ2
v∆te2t

′/τdt′

=
1

2
u′2
e σ

2
vτ∆t = u′2

e σ
2
x.

(23)

We now use Eq. (19) to rewrite the variance in terms of
ū(x) and keep only the lowest order in σv to find

σ2
u = ū′2σ2

x. (24)

This shows that the variance is proportional to τ , ∆t, and
the square of the first derivative of the equilibrium profile.
This is consistent with Schneider [35], where the same
result was obtained with a Taylor expansion of a mean
state under the assumption that the variability comes
from advection of a mean state.

C. Third Moment

The third central moment µ3 is given by

µ3 = (u− ū)3, (25)
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where

u− ū = −1

2
u′′
eσ

2
v∆tτ − u′

ee
−t/τ

∫ t

0

v(t′)et
′/τdt′

− u′′
ee

−t/τ

∫ t

0

(∆x(t′)v(t′)−∆x(t)v(t′))et
′/τdt′.

(26)

To the lowest order (fourth order) in v,

µ3 = −3e−2t/τu′2
e M

2 · 1
2
σ2
vτ∆tu′′

e

+ 3e−2t/τu′2
e u

′′
ee

−t/τM2P ,
(27)

where

M =

∫ t

0

v(t′)et
′/τdt′ (28)

and

P =

∫ t

0

(∆x(t)v(t′′)−∆x(t′′)v(t′′))et
′′/τdt′′. (29)

Then

M2 =
1

2
σ2
vτ∆te2t/τ (30)

and

M2P =

∫
[0,t]3

v(ti)v(tj)ξ(tk)v(tk)e
(ti+tj+tk)/τdt3, (31)

where ξ(tk) = ∆x(t) − ∆x(tk) and
∫
[0,t]n

dtn is

a shorthand notation for
∫ t

0

∫ t

0
· · ·

∫ t

0
dtn (in the

present case, dt3 = dtidtjdtk). With ξ(tk) =∫ t

0
v(t′′)dt′′ −

∫ tk
0

v(t′′)dt′′ =
∫ t

tk
v(t′′)dt′′ and Eq. (11),

v(ti)v(tj)ξ(tk)v(tk) can be written as

v(ti)v(tj)[ϵ(tk)v(tk) + v(tk+1) + · · ·+ v(t)]∆tv(tk),(32)

where ϵ(tk) is defined the same way as in the discussion of
the first moment. Each term in this expression is of the
form v(t1)v(t2)v(t3)v(t4), and it is nonzero if and only if
two pairs of correlating v’s are present. Furthermore, by
Isserlis’s theorem [36],

v(t1)v(t2)v(t3)v(t4) = v(t1)v(t2) v(t3)v(t4) (33)

+v(t1)v(t3) v(t2)v(t4) (34)

+v(t1)v(t4) v(t2)v(t3). (35)

(36)

(37)

FIG. 3. A graphical representation of ξ(tk). Its correlation
with v(tk) is nonzero only if tk ≤ tj ≤ t.

Hence, we find

M2P =

∫
[0,t]3

ξ(tk)v(tk) v(ti)v(tj)e
(ti+tj+tk)/τdt3

+ 2

∫
[0,t]3

ξ(tk)v(tj) v(ti)v(tk)e
(ti+tj+tk)/τdt3,

(38)

where the factor of 2 in the second term comes from the
symmetry between i and j. Note that,∫ t

0

v(tj)ξ(tk)e
(tj+tk)/τdtj

=

∫ t

tk

σ2
v∆te(tj+tk)/τdtj ,

(39)

as v(tj) and ξ(tk) have a nonzero correlation only if tk ≤
tj ≤ t (see FIG. 3). Therefore,

M2P =
∆t

2

∫ t

0

σ2
ve

2ti/τdti

∫ t

0

σ2
ve

tk/τdtk∆t

+ 2∆t

∫ t

0

σ2
ve

2tk/τdtk

∫ t

tk

σ2
ve

tj/τdtj∆t

=
7

12
∆t2τ2σ4

ve
3t/τ .

(40)

Then Eq.(27) can be written as

µ3 = 3u′2
e u

′′
e∆t2τ2σ2

v

(
−1

4
+

7

12

)
= 4u′′

e

(
1

2
u′2
e ∆tτσ2

v

)
·
(
1

2
∆tτσ2

v

)
= 4u′′

eσ
2
uσ

2
x =

(
4ū′′ σ

2
x

σu

)
σ3
u.

(41)

The normalized third moment (skewness) α3 is thus given
by

α3 =
µ3

σ3
u

= 4ū′′ σ
2
x

σu
. (42)

The skewness is proportional to the square root of τ and
∆t, and the second derivative of the equilibrium profile.
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Hence, in our model, the skewness is nonzero only if ue

is nonlinear in x. The vanishing skewness with linear ue

is consistent with the idea that the variability of u comes
from the advection of ue (or the mean state); since the
wind field is Gaussian, if ue is linear in x, then symmetric
velocity fluctuations yield mirror-image fluctuations in u,
resulting in a zero skewness.

D. Fourth Moment

To calculate the fourth central moment , it is most
convenient to first express u(t, x) in terms of ū instead of
ue to keep all relevant terms. Since

ue = ū− ū′′σ2
x,

u′
e(x−∆x) = u′

e − u′′
e∆x+

1

2
u(3)
e ∆x2,

u′′
e (x−∆x) = u′′

e − u(3)
e ∆x,

(43)

Eq. (15) can be written as

u(t, x) = ū− ū′′σ2
x

− e−t/τ ū′
∫

v(t′)et
′/τdt′

+ e−t/τ ū′′
∫

ξ(t′)v(t′)et
′/τdt′

− 1

2
e−t/τ ū(3)

∫ (
ξ(t′)2 − 2σ2

x

)
v(t′)et

′/τdt′.

(44)

Therefore, the fourth central moment , evaluated to the
second lowest order in v (sixth order), is

µ4 = (u− ū)4

= e−4t/τ ū′4M4 + 6e−2t/τ ū′2ū′′2M2N2

+ 2e−4t/τ ū′3ū(3)M3L,

(45)

where

N = σ2
x − e−t/τ

∫ t

0

ξ(t′)v(t′)et
′/τdt′ (46)

and

L =

∫ t

0

(
ξ(t′)2 − 2σ2

x

)
v(t′)et

′/τdt′. (47)

To simplify Eq.(45), let

D1 = e−4t/τ ū′4M4, (48)

D2 = 6e−2t/τ ū′2ū′′′2M2N2, (49)

D3 = 2e−4t/τ ū′3ū(3)M3L, (50)

so that µ4 = D1 +D2 +D3. Then

D1 = 3ū′4e−4t/τ

∫
[0,t]2

v(ti)2 v(tk)2∆t2e2(ti+tk)/τdt2

= 3

(
1

2
ū′τ∆tσ2

v

)2

= 3σ4
u,

(51)

which is clearly the zeroth-order term of kurtosis. Note
that,

e−t/τM2N2 = et/τ
∫
[0,t]2

v(ti)v(tj)σ
4
xe

(ti+tj)/τdt2

− 2

∫
[0,t]3

v(ti)v(tj)ξ(tk)v(tk)σ
2
xe

(ti+tj+tk)/τdt3

+ e−t/τ

∫
[0,t]4

v(ti)v(tj)ξ(tk)v(tk)ξ(tl)v(tl)e
∑

t/τdt4,

(52)

where
∑

t = ti + tj + tk + tl. Then we find

D2 = −22ū′2ū′′2σ6
x + 6ū′2ū′′2e−4t/τH, (53)

where

H =

∫
[0,t]4

v(ti)v(tj)ξ(tk)v(tk)ξ(tl)v(tl)e
∑

t/τdt4. (54)

Just as in the previous case with four vm’s,
v(t1)v(t2)v(t3)v(t4)v(t5)v(t6) is nonzero if and only if
there are three pairs of two equal tm’s. Hence, using
Isserlis’s theorem (considering all possible combinations
of three pairs), we find

H =

∫
[0,t]4

v(ti)v(tj) ξ(tk)v(tk) ξ(tl)v(tl)e
∑

t/τdt4

+

∫
[0,t]4

v(ti)v(tj) ξ(tk)v(tl) ξ(tl)v(tk)e
∑

t/τdt4

+

∫
[0,t]4

v(ti)v(tj) ξ(tk)ξ(tl) v(tl)v(tk)e
∑

t/τdt4

+ 2

∫
[0,t]4

v(ti)ξ(tk) v(tj)ξ(tl) v(tk)v(tl)e
∑

t/τdt4

+ 2

∫
[0,t]4

v(ti)ξ(tk) v(tl)ξ(tl) v(tk)v(tj)e
∑

t/τdt4

+ 2

∫
[0,t]4

v(ti)ξ(tk) v(tk)ξ(tl) v(tl)v(tj)e
∑

t/τdt4

+ 2

∫
[0,t]4

v(ti)v(tk) ξ(tk)ξ(tl) v(tl)v(tj)e
∑

t/τdt4.

(55)

Note, ∫
ξ(tk)ξ(tl)e

(tk+tl)/τdtk

=

∫ tl

0

(t− tl)∆tσ2
ve

(tk+tl)/τdtk

+

∫ t

tl

(t− tk)∆tσ2
ve

(tk+tl)/τdtk,

(56)

as correlation between ξ(tk) and ξ(tl) with a fixed tl
is nonzero only when t′′ in ξ(tk) = ∆x(t) − ∆x(tk) =∫ t

tk
v(t′′)dt′′ is in [tl, t] if tk ≤ tl, and is nonzero only

when t′′ is in [tk, t] if tk ≥ tl (see FIG. 4). The factor
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FIG. 4. A graphical representation of the correlation between
ξ(tk) and ξ(tl). If we fix tl, their correlation is nonzero when
t′′ ∈ [tl, t] if tk ≤ tl, and it is nonzero when t′′ ∈ [tk, t] if
tk ≥ tl. In each case, the region with a nonzero correlation is
shaded with purple.

(t− tk)∆tσ2
v comes from the random walk considerations

(i.e., variance is proportional to the number of steps times
the length of each step).

Using Eq. (39) and Eq. (56), Eq. (55) can be written
as

H = (∆tσ2
v)

3

∫ t

0

e2ti/τdti

∫ t

0

1

2
etk/τdtk

∫ t

0

1

2
etl/τdtl

+ (∆tσ2
v)

3

∫ t

0

e2ti/τdti

∫ t

tk

dtl

∫ t

tl

e(tk+tl)/τdtk

+ (∆tσ2
v)

3

∫ t

0

e2ti/τdti

∫ t

0

(t− tk)e
2tk/τdtk

+ 2(∆tσ2
v)

3

∫ t

0

e2tk/τdtk

∫ t

tk

etj/τdtj

∫ t

tk

eti/τdti

+ 2(∆tσ2
v)

3

∫ t

0

e2tk/τdtk

∫ t

tk

eti/τdti

∫ t

0

1

2
etl/τdtl

+ 2(∆tσ2
v)

3

∫ t

0

e2tl/τdtl

∫ t

tk

eti/τdti

∫ t

tl

etk/τdtk

+ 2(∆tσ2
v)

3

∫ tl

0

etk/τ (t− tl)e
(tk+tl)/τdtk

∫ t

0

etl/τdtl

+ 2(∆tσ2
v)

3

∫ t

tl

etk/τ (t− tk)e
(tk+tl)/τdtk

∫ t

0

etl/τdtl

(57)

Therefore (see Appendix A for detailed calculations of

each term),

H = ∆t3τ3σ6
ve

4t/τ

(
1

8
+

1

8
+

1

6
+

1

6
+

1

12
+

1

3

)
= 1 · e4t/τ∆t3τ3σ6

v = 8 ·
(
1

2
τ∆tσ2

v

)3

e4t/τ

= 8σ6
xe

4t/τ .

(58)

Hence,

D2 = ū′2ū′′2σ6
x(−22 + 6 · 8) = 26ū′2ū′′2σ6

x. (59)

To simplify D3, note that

M3L =

∫
[0,t]4

v(ti)v(tj)v(tk)ξ(tl)2v(tl)e
∑

t/τdt4

− 2σ2
x

∫
[0,t]4

v(ti)v(tj)v(tk)v(tl)e
∑

t/τdt4

= Z − 2σ2
x · 3σ4

x,

(60)

where

Z = 3

∫
[0,t]4

v(ti)v(tj) v(tk)v(tl) ξ(tl)2e
∑

t/τdt4

+ 3

∫
[0,t]4

v(ti)v(tj) v(tk)ξ(tl) ξ(tl)v(tl)e
∑

t/τdt4

+ 3

∫
[0,t]4

v(ti)ξ(tl) v(tj)ξ(tl) v(tk)v(tl)e
∑

t/τdt4.

(61)

Using Eq. (39) and Eq. (56),

Z = 3(∆tσ2
v)

3

∫ t

0

e2ti/τdti

∫ t

0

(t− tl)e
2tl/τdtl

+ 3(∆tσ2
v)

3

∫ t

0

e2ti/τdti

∫ t

tl

etk/τdtk

∫ t

0

1

2
etl/τdtl

+ 3(∆tσ2
v)

3

∫ t

0

e2tl/τdtl

∫ t

tl

etj/τdtj

∫ t

tl

eti/τdti

=

[
3

8
+

3

8
+ 3

(
1

2
− 2

3
+

1

4

)]
τ3∆t3σ6

ve
4t/τ

= 1 · τ3∆t3σ6
ve

4t/τ = 8σ6
xe

4t/τ

(62)

(See Appendix A for detailed calculation of each term).
Therefore,

D3 = 2ū′3ū(3)(8− 6)σ6
x

= 4ū′3ū(3)σ6
x = 4ū′ū(3)σ2

uσ
4
x.

(63)

Finally,

µ4 = D1 +D2 +D3

= 3σ4
u + 26ū′′2σ2

uσ
4
x + 4ū(3)ū′σ2

uσ
4
x.

=

(
3 +

13

8
µ2
3 + 4ū′ū(3) σ

4
x

σ2
u

)
σ4
u.

(64)
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(65)

To find the normalized fourth moment (kurtosis) α4 =

µ4/(u− ū)2, we first calculate the lowest-order correc-

tions to (u− ū)2. Using Eq. (44), to the fourth order in
v(t),

(u− ū)2 − ū2σ2
x

= ū′′2σ4
x + 2e−t/τ ū′′2σ2

x

∫ t

0

ξ(t′)v(t′)et
′/τdt′

+ e−2t/τ ū′′2
∫
[0,t]2

ξ(t′)v(t′)ξ(t′′)v(t′′)e(t
′+t′′)/τdt′dt′′

− e−
2t
τ

2
ū′ū(3)

∫
[0,t]2

v(t′′)(ξ(t′)2 − 2σ2
x)v(t

′)e
t′+t′′

τ dt′dt′′.

(66)

Utilizing Isserlis’s theorem, Eq. (39), and Eq. (56), we
find

(u− ū)2 − ū2σ2
x = ū′′2σ4

x + ū′ū(3)σ4
x. (67)

Therefore, kurtosis α4 to the lowest order in v(t) is given
by

α4 =
µ4

(u− ū)2
= 3 +

5

4
α2
3 − 2ū′ū(3) σ

4
x

σ2
u

. (68)

Note that α3 depends on both first and second deriva-
tives of ū; kurtosis depends on first, second, and third
derivatives of ū, and scales linearly with both τ and ∆t.
If both second and third derivatives are zero, then excess
kurtosis vanishes.

The calculations are more complicated with higher-
order moments, but they can be performed in the same
systematic manner.

IV. NUMERICAL VALIDATION OF THE
ANALYTICAL FRAMEWORK

In this section, we compare our first four moments,
(16), (24), (42), and (64), with a numerical calculation
of the advection equation (1). The equilibrium function
ue is set to be a cosine function ue(x) = 2 cos((π/2)x),
and the calculations are performed over a uniform and
double-periodic domain 0 < x < 2 with the grid size of
0.01 and the numerical timestep size of 0.01. A spatial
grid refinement study and temporal numerical timestep
refinement study were conducted to confirm that numer-
ical convergence is achieved at a value 0.01 for both grid
size and for numerical time step size. The stochastic ve-
locity v(t) is set by choosing random values with a Gaus-
sian distribution at each t. Lax-Wendroff scheme is used
for the integration with 5000 timesteps, which is equiva-
lent of having N = 5000 realizations for calculating the
statistical moments directly. We then calculate the mo-
ments using our results from ū(x) and plot the moments
at 0 < x < 1.

While the analytical solution was tested across a
broader range of parameters, we present two representa-
tive cases here: (i) one under ideal conditions where the
theory matches the numerics exceptionally well (σv∆t =
0.002) and (ii) one where the parameters are relaxed
to illustrate the expected boundaries and minor devi-
ations of the model (σv∆t = 0.01). With a Gaus-
sian baseline reference, uncertainties of our numerical
calculations can be estimated by standard errors (SE).

Since N ≫ 1, SEmean = σu/
√
N ∼ 10−4, SEstd =

σu/
√
2N ∼ 10−4, SEskewness =

√
6/N ∼ 0.035, and

SEkurtosis =
√

24/N ∼ 0.069, all of which are small
compared to the peak value of each quantity by a factor
of ∼ 10−2. Therefore, all moments are converged with
respect to stochastic sampling
As our derivation in Sec.II, our analytical solutions

of moments are for the limit where the typical distance
moved by the fluid within one correlation time is small
compared to the length scale of the change in dū/dx, cor-
responding to and σv∆t/((dū/dx)/(d2ū/dx2)) ≪ 1.As
shown in FIG. 5, our numerical solutions indeed match
our analytical solutions for all four moments when
σv∆t/((dū/dx)/(d2ū/dx2)) is less than ∼ 0.1. To show
a quantitative comparison, we measure the degree of
the agreement by calculating the mean absolute error
normalized by the maximum magnitude of each quan-
tity, which we call rj , where j ∈ {mean, std, skew-
ness, kurtosis}. In case (i), the average values of rj
for all x to two decimal places are 0.00, rstd = 0.00,
rskewness = 0.02, rkurtosis = 0.04, where the values
where δ1 > 0.1 (where we expect our theory deviate
from numerical results) are rmean = 0.00, rstd = 0.01,
rskewness = 0.11, rkurtosis = 0.35. In case (ii), the aver-
age values of rj for all x are rmean = 0.00, rstd = 0.01,
rskewness = 0.05, rkurtosis = 0.07, where the values where
δ1 > 0.1 are rmean = 0.00, rstd = 0.02, rskewness = 0.21,
rkurtosis = 0.31. In both cases, the difference between
theoretical and numerical values is larger when δ1 > 0.1
than overall, and the match is worse in case (ii), where
the region of δ1 > 0.1 is larger. The observed differ-
ences are larger than the values of numerical uncertainty
(∼ 10−4 for mean, ∼ 10−3 for standard deviation, and
∼ 10−2 for skewness and kurtosis with our measure).

V. CONCLUSIONS

In this work, we have presented a fully analytical
derivation of the single-point statistical moments for the
solution of a one-dimensional nonhomogeneous advection
equation governed by a random transport velocity. The
framework incorporates a stochastic Gaussian transport
velocity with a finite, discrete correlation time ∆t and a
nonzero forcing term with the linear relaxation approx-
imation with its timescale being τ . While our method-
ology is applicable to moments of any arbitrary order,
we have provided explicit closed-form expressions for the
first four moments in the regime where the characteris-
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FIG. 5. Comparison between our theoretical and numerical
calculation. From top: ratio of mixing length σvτ and the
ratio of ∂u/∂x and ∂2u/∂x2 (δ1), mean, standard deviation,
skewness, and excess kurtosis of u(t, x). Left: σv∆t/L =
0.002. Right: σv∆t/L = 0.01. As expected, analytical so-
lutions match numerical simulations when ∆t/τ ≪ 1 and
σv∆t/((dū/dx)/(d2ū/dx2)) ≪ 1.

tic distance traveled by the fluid within this correlation
time is short compared to the characteristic length scale
of the spatial change in the equilibrium profile. We show
that variance and excess kurtosis scale linearly with both
the correlation and relaxation timescales, while skewness
is proportional to the square root of their product. Be-
yond these scaling laws, our framework is connects the lo-
cal temporal variability of field u(t, x) at a fixed location
(i.e., single-point statistical moments) to the macroscopic
spatial gradients of its mean state ū(x). Our expres-
sions for the moments establish an “equation-of-state”
style approach that describes the average microscale be-
havior of u(t, x) in terms of the macroscopic quantity ū.
Specifically, we show that non-Gaussian statistics arise
directly from the nonvanishing derivatives of the under-
lying equilibrium profile: mean state ū shifts away from
the equilibrium profile ue due to the local curvature ū′′,
the variance scales with the square of the gradient ū′,
skewness is proportional to the second derivative ū′′, and
the excess kurtosis depends on all first three derivatives
of ū.

The fact that the skewness is proportional to the sec-
ond derivative of the mean field shows that nonlinear-
ity of the mean profile is necessary for the presence of

skewness. This is to be expected because the only phys-
ical component we consider is the advection of a scalar
field by a Gaussian velocity field. Since the velocity field
is symmetric, any asymmetry in the distribution of the
field must arise from the asymmetry in the magnitude of
positive and negative anomalies advected from the mean
profile. Our result shows that a positive second deriva-
tive of the field corresponds to a positive skewness. This
is consistent with the fact that such situation allows for
a stronger positive anomalies to be advected (and vice
versa); the sign of the second derivative thus indicates
the direction of the statistical asymmetry. Furthermore,
the two terms that describe excess kurtosis are propor-
tional to the square of the skewness and to the third
derivative, respectively. This means that excess kurto-
sis also requires nonlinearity of the field; at least one of
the second or the third derivatives of the field must be
nonzero.

The use of our framework is limited to the case where
the characteristic length scale of the change in the mean
scalar field is much larger than the characteristic length
scale of the noise (i.e., the fluid does not ‘feel’ the change
in the mean scalar field profile within one correlation
time). Therefore, our theory is not applicable to phys-
ical systems where mean field profile varies sharply. It
is also not applicable when the velocity of the noise is
large or memory effect persist long enough for the fluid
to travel far enough to feel the change in the mean field
profile within a single correlation time. Moreover, since
the velocity is assumed to have Gaussian statistics with
piecewise constant values, our theory does not encompass
non-Gaussian velocity statistics or the effect of continu-
ous, exponentially decaying temporal correlations.

These results are applicable to physical systems char-
acterized by advection with random transport velocity
and linear relaxation in the small-displacement limit. Fu-
ture efforts include generalizing the theory to two or
three dimensions, and incorporating spatial dependence
into the stochastic velocity field to capture more com-
plex turbulent transport regimes, as well as applying the
theory to actual physical phenomena. From a practical
standpoint, this framework may be useful in multi-sector
systems analysis by replacing a part of computationally
heavy fluid mechanics simulations with explicit algebraic
solutions.

Appendix A: Calculation of H and Z

Here, we show term-by-term calculations of H, which
is given by



10

H = (∆tσ2
v)

3

∫ t

0

e2ti/τdti

∫ t

0

1

2
etk/τdtk

∫ t

0

1

2
etl/τdtl

+ (∆tσ2
v)

3

∫ t

0

e2ti/τdti

∫ t

tk

dtl

∫ t

tl

e(tk+tl)/τdtk

+ (∆tσ2
v)

3

∫ t

0

e2ti/τdti

∫ t

0

(t− tk)e
2tk/τdtk

+ 2(∆tσ2
v)

3

∫ t

0

e2tk/τdtk

∫ t

tk

etj/τdtj

∫ t

tk

eti/τdti

+ 2(∆tσ2
v)

3

∫ t

0

e2tk/τdtk

∫ t

tk

eti/τdti

∫ t

0

1

2
etl/τdtl

+ 2(∆tσ2
v)

3

∫ t

0

e2tl/τdtl

∫ t

tk

eti/τdti

∫ t

tl

etk/τdtk

+ 2(∆tσ2
v)

3

∫ tl

0

etk/τ (t− tl)e
(tk+tl)/τdtk

∫ t

0

etl/τdtl

+ 2(∆tσ2
v)

3

∫ t

tl

etk/τ (t− tk)e
(tk+tl)/τdtk

∫ t

0

etl/τdtl.

(A1)

First term:

1

8
∆t3τ3σ6

v . (A2)

Second term:
Due to the last two integrals, this term is zero when
tk < tl and when tl < tk, which is all t. So we ignore
this term.

Third term:
With integration by parts, we find

1

8
∆t3τ3σ6

v . (A3)

Fourth term:
We find

2(∆tσ2
v)

3

∫ t

0

e2tk/ττ2(et/τ − etk/τ )2dtk

=
1

6
∆t3σ6

vτ
3.

(A4)

Fifth term:
We find

2(∆tσ2
v)

3 τ
2

2

∫ t

0

e2tk/τ (et/τ − etk/τ )dtk

=
1

6
∆t3σ6

vτ
3.

(A5)

Sixth term:
We find

2(∆tσ2
v)

3

∫ t

0

e2tl/τdtl

∫ t

tl

τetk/τ (et/τ − etk/τ )dtk

=
1

12
∆t3σ6

vτ
3.

(A6)

Seventh and eighth terms:
We find

2(∆tσ2
v)

3

∫ t

0

etl/τdtl[(t− tl)τe
tl/τ (etl/τ − 1)

+tetl/ττ(et/τ − etl/τ )

−etl/ττ((tk − τ)etk/τ |ttl)]

(A7)

=
1

3
τ3∆t3σ6

v . (A8)

On the other hand, we have

Z = 3(∆tσ2
v)

3

∫ t

0

e2ti/τdti

∫ t

0

(t− tl)e
2tl/τdtl

+ 3(∆tσ2
v)

3

∫ t

0

e2ti/τdti

∫ t

tl

etk/τdtk

∫ t

0

1

2
etl/τdtl

+ 3(∆tσ2
v)

3

∫ t

0

e2tl/τdtl

∫ t

tl

etj/τdtj

∫ t

tl

eti/τdti.

(A9)

The first term is identical to three times the third term
for H, so the first term gives (3/8)∆t3τ3σ6

v . The second
term reads

3

2
(∆tσ2

v)
3

∫ t

0

e2ti/τdtiτ

∫ t

0

etl/τ (et/τ − etl/τ )dtl

=
3

8
∆t3τ3σ6

v .

(A10)

Third term is identical to 3/2 times the fourth term of
H, so we find (3/2) · (1/6)∆t3τ3σ6

v = (1/4)∆t3τ3σ6
v .
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