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Abstract15

We present an analytical framework for calculating the first four statistical moments of16

the atmospheric temperature distribution, including advection and diabatic effects via17

the stochastic advection equation under a Gaussian wind and a Newtonian relaxation18

approximation. While this equation has been previously solved numerically, analytical19

expressions for these moments have yet to be established. Here, we derive the closed-20

form expressions for the moments of the atmospheric temperature distribution with the21

statistical properties of the Gaussian wind, the relaxation time, and the time-mean tem-22

perature. Our theory explains previous theoretical, numerical, and empirical frameworks23

and incorporates diabatic effects. The findings offer a computationally efficient method24

for calculating temperature moments, based on first-principles physics. The framework25

provides a physical understanding of the general mechanisms (including diabatic effects)26

controlling temperature distributions that is valid even in non-stationarity conditions.27

Plain Language Summary28

Predicting the frequency of extreme temperature events requires understanding not29

just the mean and variance of the atmospheric temperature distribution, but also higher-30

order moments, most importantly, skewness and kurtosis. Due to mathematical complex-31

ity, calculations of skewness and kurtosis incorporating diabatic (non-adiabatic) heat trans-32

fer have traditionally been limited to numerical simulations. This paper presents ana-33

lytical expressions for the first four statistical moments (mean, variance, skewness, and34

kurtosis) of the atmospheric temperature distributions that include an explicit descrip-35

tion of diabatic heat transfer. These expressions depend on simple statistical properties36

of the meridional wind, characteristic timescales of the wind persistence and thermal re-37

laxation, and the Earth’s time-mean temperature profile. As a result, unlike traditional38

methods that require extensive runtime on powerful computers, our framework calcu-39

lates skewness and kurtosis much more efficiently. Furthermore, our explicit, closed-form40

expressions can be used as a benchmark to check if models are capturing the essential41

large-scale properties. Most importantly, our framework works even when the Earth’s42

state parameters change over time; while traditional computer simulations become much43

more complicated and time-consuming under shifting conditions, our math-based method44

remains fast and straightforward because it requires only substitution of values to the45

equations.46

1 Introduction47

Estimating the statistical moments of the atmospheric temperature distribution48

is a long-standing challenge in the atmospheric sciences. Because empirical observations49

indicate that midlatitude atmospheric temperature distributions exhibit non-Gaussian50

behavior (White, 1980; Trenberth & Mo, 1985; Nakamura & Wallace, 1991; Holzer, 1996;51

Screen, 2014; Cavanaugh & Shen, 2014), accurately quantifying the frequency and in-52

tensity of extreme temperature events requires an understanding of higher-order moments53

such as skewness and kurtosis. To calculate these moments, General Circulation Mod-54

els (GCMs) (Huth et al., 2003; Haugen et al., 2018) and observational datasets (Shen55

et al., 2011; McKinnon et al., 2016; Loikith et al., 2018; Loikith & Neelin, 2019) are widely56

used to extract the moments directly. As a less computationally intensive alternative,57

Linz et al. (2018) numerically solved the advection-diffusion equation with Newtonian58

relaxation to understand how the temperature distribution changes with variations in59

thermal relaxation and eddy stirring. Furthermore, Linz et al. (2020) numerically diag-60

nosed the effect of each term in the advection-diffusion equation on the shape of the at-61

mospheric temperature distribution.62

Parallel to these numerical treatments, several studies have sought analytical ap-63

proaches. Developing analytical frameworks presents clear advantages, as they (1) pro-64
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vide quantitative insight into model structure beyond what qualitative numerical plots65

can offer, thereby facilitating sensitivity analyses; (2) serve as a benchmark for limiting66

case verification, ensuring the reliability of numerical algorithms; and (3) enable com-67

putationally efficient moment calculations, significantly reducing processing time. Schnei-68

der et al. (2015) demonstrated how to calculate the variance of temperature from the69

time-mean temperature, assuming that the anomalies are driven by advection of the mean70

profile, while Tamarin-Brodsky et al. (2020) derived an approximate equation for skew-71

ness using only local average absolute intensities of cold and warm anomalies, and Tamarin-72

Brodsky et al. (2022) derived an approximate equation for excess kurtosis by approx-73

imating the original distribution function with a superposition of three Gaussian distri-74

butions. Kircher et al. (2025) generalized these concepts to derive a comprehensive an-75

alytical framework for statistical moments of arbitrary order, establishing a unified the-76

oretical point of origin. However, while these studies have advanced the analytical for-77

mulations of non-Gaussian atmospheric temperature distributions, they could not ex-78

plicitly account for the effects of diabatic heating and cooling. Even in the generalized79

theory presented by Kircher et al. (2025), diabatic effects were not included. In their kine-80

matic model, the “source temperature” serves as the starting point of their theory, but81

it is determined by external physical processes—including diabatic mechanisms—that82

lie beyond the scope of their theory.83

Here, we present an analytical framework to calculate the first four atmospheric84

temperature moments in the midlatitude lower troposphere that incorporates diabatic85

effects. Our closed-form expressions express these moments as functions of the spatial86

derivatives of the time-mean temperature, the variance of the velocity of the Gaussian87

wind, the characteristic correlation time of the air parcels, and the characteristic relax-88

ation time of diabatic effects. We demonstrate that our theoretical framework success-89

fully unifies prior analytical frameworks, explains past numerical frameworks with ex-90

plicit mathematical expressions, and exhibits strong agreement with observations and91

idealized aquaplanet simulations using Isca model (Vallis et al., 2018) under a Held-Suarez92

configuration (Held & Suarez, 1994). While numerical models and observational datasets93

require massive temporal sampling to overcome statistical noise in higher-order moments—94

making them highly sensitive to individual outliers and sampling limitations—our frame-95

work circumvents this computational burden by enabling the direct estimation of higher-96

order moments solely from the time-mean temperature profile with minimal computa-97

tional cost. However, the primary objective of this framework is not to compete with com-98

plex numerical models in predictive precision, but to establish an analytical theory de-99

rived from first-principles physics that provides a conceptual understanding that numer-100

ical simulations cannot offer, such as scaling laws that explain midlatitude temperature101

variability.102

2 Theoretical Framework103

To calculate the statistical moments of atmospheric temperature distributions, we104

utilize the framework presented by Kircher et al. (2026) for evaluating single-point sta-105

tistical moments of a stochastic advection equation with linear relaxation, mapping it106

directly to tropospheric temperature. In their model, the closed-form expressions for single-107

point statistical moments were derived for the solution of a nonhomogeneous stochas-108

tic advection equation with linear relaxation. With the use of atmospheric variables, the109

governing equation for temperature T (ϕ, t) at time t and latitude ϕ is110

∂T (ϕ, t)

∂t
+ v(t)

∂T (ϕ, t)

∂ϕ
= −T (ϕ, t) − Te(ϕ)

τ
, (1)

where v(t) is the stochastic velocity following a Gaussian distribution with zero mean,111

Te(ϕ) is the equilibrium temperature profile, and τ is the characteristic time scale of di-112

abatic effects. This equation describes the temperature advection of an idealized mid-113

latitude lower troposphere; temperature T (ϕ, t) is advected by a stochastic meridional114
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wind v(t), arising from the abundant eddy activity in the midlatitude troposphere, and115

the temperature continuously relaxes to its time-independent equilibrium profile due to116

diabatic (mostly radiative) effects. Following their derivation, solving Eq. (1) yields the117

first four single-point statistical moments directly from the time-mean state of the tem-118

perature, where the second, third, and the fourth central moments in terms of the time-119

mean temperature T̄ are given by120

σ2
T = T̄ ′2σ2

ϕ (2)

µ3 = 4T̄ ′′σ2
ϕσ

2
T (3)

µ4 =

(
3 +

13

8
α2
3 + 4T̄ ′T̄ (3)

σ4
ϕ

σ2
T

)
σ4
T , (4)

where α3 = µ3/σ
3
T is skewness (normalized third moment), a prime indicates the deriva-121

tive with latitude ϕ,122

σ2
ϕ =

1

2
σ2
v∆tτ, (5)

and σ2
v is the variance of the stochastic wind v(t), and ∆t is a characteristic correlation123

time. Mathematically, σ2
ϕ = σ2

v∆tτ/2 represents the average variance of the distance124

traveled during a one-dimensional random walk with a step size of σv∆t over a time τ .125

Physically, σϕ describes the average root-mean-square distance a fluid parcel travels be-126

fore its thermal properties get reset by relaxation. When applied to an atmosphere, the127

physical interpretation of σϕ is analogous to that of the classical eddy mixing length—128

the average distance a turbulent fluid parcel travels before losing its properties. How-129

ever, it differs from the classic expression leddy = u′τ , where u′ represents the fluctu-130

ation velocity. In the classic case, a fluid parcel is assumed to maintain a constant ve-131

locity u′ throughout the entire time τ until it equilibrates with the environment. In con-132

trast, our theory considers a more realistic view of the fluid parcels, where each parcel133

undergoes multiple velocity changes before it equilibrates.134

While the first moment is omitted above because it is simply T̄ = T̄ , the expres-135

sion of T̄ in terms of Te shows how mean temperature differs from the equilibrium pro-136

file:137

T̄ = Te + T ′′
e σ

2
ϕ. (6)

Even though moments can be expressed in terms of Te, Eq. (6) is used to express the138

moments in terms of T̄ because while Te is not directly observable, it is significantly eas-139

ier to calculate T̄ from observational and simulation datasets. Equations (2)–(4) show140

that variance is proportional to the relaxation time τ and is proportional to the square141

of the first derivative T̄ ′, skewness is proportional to the square root of the relaxation142

time
√
τ and is proportional to T̄ ′′, and excess kurtosis is proportional to the relaxation143

time τ and incorporates T̄ ′, T̄ ′′, and T̄ (3). To show that Eqs. (2)–(4) are applicable as144

approximate statistical moments of temperature in midlatitude lower troposphere on the145

Earth, we first note that temperature fluctuations in the Earth’s troposphere are small146

relative to the magnitude of temperature, which makes the advection equation with New-147

tonian relaxation approximation an appropriate representation of radiative heating and148

cooling in regimes where nonlinear diabatic heating, such as latent heat release, is neg-149

ligible (Sellers, 1969; Budyko, 1969; Held & Suarez, 1994; Linz et al., 2018, 2020; Zhang150

et al., 2022).151

In addition, the derivation of Eqs. (2)–(4) by Kircher et al. (2026) was performed152

under the following asymptotic condition: the length scale of the spatial change in the153

nth derivative of the equilibrium profile is much larger than the typical distance the air154
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parcel moves within ∆t; that is,155

v(t)∆t ≪
∣∣∣∣ dnTe(ϕ)/dϕn

dn+1Te(ϕ)/dϕn+1

∣∣∣∣, n = 1, 2, . . . (7)

on average. In Earth’s midlatitude lower troposphere, the mixing length L′ = REσv∆t ∼156

900 km, where RE is the radius of the Earth (Taylor, 1922; Bennett, 1987; Daoud et al.,157

2003; Swanson & Pierrehumbert, 1997), is empirically found to be much smaller than158

the length scale of the change in temperature ∼ 104 km (Schneider et al., 2015). Hence159

σv∆t ∼ 0.1 and160 ∣∣∣∣ Te(ϕ)

dTe(ϕ)/dϕ

∣∣∣∣ ∼ 1, (8)

thus Eq. (7) is valid for n = 0. For n ≥ 1. Since Earth’s meridional temperature pro-161

file resembles a sinusoidal function in midlatitudes (Feulner et al., 2013), if Te(ϕ) ∼ cosϕ,162

then163 ∣∣∣∣ dnTe(ϕ)/dϕn

dn+1Te(ϕ)/dϕn+1

∣∣∣∣ =

{
| tanϕ| (odd n)

| cotϕ| (even n),
(9)

both of which are of the order of 1 in midlatitudes. Thus, if Eq.(7) is satisfied with n =164

0, then it is satisfied for n ≥ 1 as well. Therefore, Eq. (7) is a good assumption for mod-165

eling the Earth’s midlatitude lower troposphere, thus, so are Eqs. (2)—(4).166

3 Model Validation and Applications167

To validate Eqs. (2)–(4) for application to the Earth’s midlatitude lower troposphere,168

we evaluate the prediction made by those equations against previous theories, simula-169

tions, and observations. Given the highly idealized nature of our model, these compar-170

isons are intended to validate only the core structural behavior, rather than to demon-171

strate precise empirical matching.172

We begin by comparing the results with the generalized theoretical framework of173

Kircher et al. (2025). As explained in section 1, this theory has unified prior analytical174

frameworks without explicit diabatic effects (Schneider et al., 2015; Tamarin-Brodsky175

et al., 2020, 2022). Therefore, demonstrating that our theoretical framework agrees with176

their theory establishes a broader consistency across all these theories.177

The second, third, and fourth central moments of midlatitude lower troposphere178

temperature distribution calculated in their theory are:179

σ2
T = T̄ ′(ϕ)2σ2

η (10)

180

µ3 = 3T̄ ′′σ2
ησ

2
T (11)

181

µ4 =

(
3 +

5

3
α2
3 + 4T̄ ′T̄ (3)

σ4
η

σ2
T

)
σ4
T , (12)

where ση is the standard deviation of the distance in the ϕ̂ direction traveled by the wind182

within a characteristic correlation time. Clearly, the expressions of variance—Eq. (2) and183

Eq. (10)— are identical, provided that ση = σϕ. Recall that σ2
ϕ = σ2

v∆tτ/2 is the av-184

erage variance of the distance traveled during a one-dimensional random walk with a step185
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size of σv∆t over a time τ , and the physical meaning of σϕ is the average root-mean-square186

distance a fluid parcel travels before its thermal properties get reset by relaxation. This187

is consistent with the physical interpretation of ση in Kircher et al. (2025), which rep-188

resents the expected distance a Gaussian wind moves before the temperature at a given189

location gets replaced by the next temperature value. Hence it is reasonable to set σ2
ϕ =190

σ2
v∆tτ/2. Both third and fourth moments (µ3 and µ4) exhibit the same functional de-191

pendence on T̄ and σϕ, albeit with slightly different numerical factors.192

Note that the quantity σϕ = (1/
√

2)σv

√
τ∆t is the only part that contains the193

information about diabatic effects (i.e., where the parameter τ appears). In Kircher et194

al. (2025), the quantity σϕ is an external parameter. Through the expression σϕ = (1/
√

2)σv

√
τ∆t,195

our current theory explicitly shows how diabatic effects are integrated into this frame-196

work.197

Our theoretical framework can explain previous numerical studies that include di-198

abatic heating as well. In Linz et al. (2018), the advection equation with Newtonian re-199

laxation was solved numerically to evaluate the impacts on the temperature probabil-200

ity density function with various thermal relaxation time scale and location of the eddy201

stirring. Their results demonstrate that an increase in τ leads to a corresponding increase202

in variance, while exerting a lesser influence on skewness when nothing else is varied. Within203

our theoretical framework, variance scales as τ , whereas skewness α3 = µ3/σ
3
T is pro-204

portional to
√
τ ; these scaling laws are consistent with their observations, both regard-205

ing the increase in variance and the relatively lower sensitivity of skewness to changes206

in τ compared to variance when everything else stays constant.207

In addition to the numerical analysis by Linz et al. (2018), we compare our the-208

ory with output data from idealized aquaplanet Isca simulations (Vallis et al., 2018) us-209

ing a Held-Suarez configuration (Held & Suarez, 1994). In the kinematic model of Kircher210

et al. (2025), the variance of the distance traveled by the Gaussian stochastic wind within211

a characteristic time is treated as an external parameter. Thus, when comparing their212

model to the Isca dataset, they needed to determine this quantity by matching the the-213

oretical and simulated temperature variances. In contrast, our current framework elim-214

inates the need for such fitting, as we can predict the unfitted variance of the wind ve-215

locity via Eq. (5) by calculating τ and ∆t from temperature and meridional wind ve-216

locity data. In particular, σv, the standard deviation of the meridional wind velocity field,217

is calculated directly from the meridional velocity data at each grid, and τ and ∆t are218

calculated via219

τ =

∣∣∣∣ T

dT/dt

∣∣∣∣ (13)

∆t =

∣∣∣∣ v

dv/dt

∣∣∣∣ (14)

respectively using temperature and meridional velocity data. The approximate values220

from the data (

√
f2/(df/dt)2, f ∈ {T, v}) are calculated at each grid and averaged with221

time for the calculation of σϕ for each grid. To calculate T̄ , we find the time average of222

temperature at each grid. Derivative of T̄ in the meridional direction is taken to calcu-223

late T̄ ′. Since the simulation uses an aquaplanet, we pick one longitude (longitude = 0224

degrees) to plot the standard deviation as a representative. An identical analysis was con-225

ducted at other longitudes, but it yielded no physically significant differences. Figure 1226

demonstrates the agreement between the Isca simulation data and our theoretical pre-227

diction for σT at that representative longitude, especially in the lower midlatitudes. This228

validation, which was impossible in Kircher et al. (2025), provides a further justification229

for their previous results and the effectiveness of our current theory.230

The validation of our framework against observations is demonstrated transitively231

through its consistency with Linz et al. (2018), which itself matches ERA5 data for both232
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Figure 1. Standard deviation of the temperature distribution. Blue line shows the values

calculated directly from Isca data at a given longitude, and the orange line shows the values cal-

culated from T̄ , τ , ∆t, and σv via our analytical framework.

variance and skewness.233

(15)

However, to provide a direct validation of our framework against the real-world atmo-234

sphere, we compare the statistical properties of temperature calculated directly from data235

and those calculated from our theory. In particular, we compare the observational and236

theoretical values of zonally-averaged standard deviation, skewness, and kurtosis using237

ERA5 surface data from 1985 to 2014 in the months of January. We use the same method238

to avoid numerical instabilities as in the Isca case (also as in Kircher et al. (2025)). As239

such, values of T̄ ′, σv, τ , and ∆t are calculated in the same way as the Isca case, except240

we take 4-day averages for ∆t (exact same approximation as ISCA shows similar final241

results as shown in Figure S1). The zonal averages of the moments are taken after the242

calculation of the moments at each longitude rather than calculating the moments from243

the zonally-averaged temperature. Figure 2 demonstrates the agreements in zonal av-244

erages of standard deviation, skewness, and excess kurtosis, where the blue lines show245

the values calculated directly from the dataset, the orange lines show the values calcu-246

lated via our theory, and the yellow lines show the theoretical values calculated with 30247

individual Januaries to show the year-to-year variability in the estimates. In each case,248

the data and theory agree well in the Southern Hemisphere midlatitudes and the vari-249

ability increases with the order of moments due to the increasing sensitivity in ∆t and250

τ , which contain the largest sources of variability. Figure 3 and Figure 4 show global maps251

of standard deviation and skewness in the lower troposphere over 30 years for the month252

of January, using ERA5 daily data (T̄ ′, σv, τ , and ∆t are calculated at each grid as be-253

fore; see Figure S2 and S3 for the case where all variables are approximated as done in254

the case of Isca). In each figure, the left panel shows the quantity calculated directly from255

the data, and the right panel shows the same quantity derived from our theory using the256

mean temperature profile T̄ . The two plots show good agreement, especially in midlat-257

itudes of the Southern Hemisphere. This region has abundant meridional mixing and is258

prediominantly ocean surface.; the lower surface roughness of the ocean closely matches259

the idealized model assumptions in Sec. 2, as the lack of topographic obstacles allows260

the wind to maintain a nearly Gaussian distribution. On the other hand, the discrep-261

ancy between data and theory is much larger in areas with large topographic features262

such as mountain ranges. This is likely due to the fact that meridional wind cannot be263

Gaussian in these regions. In addition to topographic effects, prediction of the statisti-264

cal moments with our theory deviates from the observation in higher latitudes along storm265
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Figure 2. Zonal average values of standard deviation, skewness, and kurtosis of atmospheric

surface temperature as functions of latitude. The blue lines show the values calculated directly

from ERA5 surface data from 1985 to 2014 in the months of January, and the orange lines show

the values calculated from T̄ , τ , ∆t, and σv via our analytical framework. Yellow lines show theo-

retical values calculated from 30 individual Januaries for the period 1985-2014.

Figure 3. Standard deviation of the atmospheric surface temperature distribution. The

plot on the left shows σT calculated directly from ERA5 surface data from 1985 to 2014 in the

months of January. The plot on the right shows σT calculated from mean temperature profile T̄ ,

τ , ∆t, and σv via our analytical framework.

tracks as well. As seen in Figure 5, these areas coincide with the areas where Eq.(7) is266

not satisfied (see Figure S4 for the case where ∆t is approximated the same way as in267

Isca).268

4 Discussion and Conclusions269

In this work, we have shown closed-form expressions for the first four statistical mo-270

ments of atmospheric temperature in the midlatitude lower troposphere. The model in-271

cludes advection of temperature by a Gaussian stochastic meridional wind and diabatic272

heat transfer via Newtonian relaxation. The moments are expressed as functions of char-273

acteristic correlation time, variance of the Gaussian wind, characteristic relaxation time274

of air parcels, and time-mean temperature. Specifically, variance scales linearly with the275

relaxation time τ and is proportional to the square of the first derivative T̄ ′, skewness276

scales with a square root of the relaxation time
√
τ and is proportional to T̄ ′′, and ex-277

cess kurtosis scales linearly with the relaxation time τ and incorporates T̄ ′, T̄ ′′, and T̄ (3).278

By describing these higher-order moments with such macroscopic variables, this frame-279

work offers a quantitative understanding of how large-scale physics affects local temper-280

ature statistics. Our framework demonstrates strong consistency with simulations and281

observations, validated both transitively through agreement with prior verified theories282

and directly via idealized Isca simulations and ERA5 reanalysis datasets.283

A primary contribution of this theory is the explicit closed-form expressions of sta-284

tistical moments of atmospheric temperature that incorporates diabatic effects, which285
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Figure 4. Skewness of the atmospheric surface temperature distribution. The plot on the left

shows µ3 calculated directly from ERA5 surface data from 1985 to 2014 in the months of Jan-

uary. The plot on the right shows µ3 calculated from mean temperature profile T̄ , τ , ∆t, and σv

via our analytical framework.

Figure 5. The ratio σv∆t/((dT/dϕ)/(d2T/dϕ2)) for ERA5 surface data from 1985 to 2014

in the months of January. Regions with large ratio (where Eq. (7) is not satisfied) coincide with

where observational data does not match our theory.

was previously accessible only through numerical approximations or empirical heuris-286

tics. Unlike purely numerical approaches, where the relationship between thermal relax-287

ation and higher-order moments must be inferred via an empirical fit, our closed-form288

expressions establish an explicit scaling laws on the diabatic timescale τ . In addition,289

while in numerical analyses the time-dependence of the parameters of the state of the290

Earth vastly increases computation time and requires additional computational steps,291

our framework remains fully applicable exactly the way described in this manuscript even292

when the Earth’s parameters change in time. While the foundational value of this framework—293

also the primary advancement from Kircher et al. (2025)—lies in its derivation of mid-294

latitude atmospheric temperature moments from first-principles physics, it simultane-295

ously yields practical advantages. The inclusion of diabatic heat transfer, for example,296

permits an analysis of thermal transport and the calculation of the characteristic dis-297

placement scale of temperature advection.298

In the context of atmospheric dynamics, our framework corresponds to a synoptic-299

scale theory predicated on a Gaussian meridional wind distribution with a zero mean.300

This characterization is most applicable to regions characterized by abundant synoptic301

eddies or minimal topographic forcing, or to the free troposphere where surface features302

do not significantly perturb the flow. As it is an idealized model, when utilizing our re-303

sults to represent the generalized behavior of statistical moments in specific applications,304

it is essential to ensure that the underlying assumptions such as a one-dimensional flow,305

a Gaussian meridional wind profile, Newtonian relaxation and length scale condition (i.e.,306

Eq. (7)) remain valid. Indeed, while our theory provides reasonable estimates of statis-307

tical moments, the meridional wind profile deviates from a Gaussian distribution in var-308

ious locations (see S5 for Jarque-Bera statistics of meridional wind field). This contributes309

to the observed differences between the theoretical predictions and empirical data. Fur-310

thermore, our model assumes that the meridional wind is stochastically time-dependent311

but spatially uniform, despite evidence suggesting that spatial dependence may be a crit-312

ical factor in temperature variability (Zhang et al., 2022). Finally, we assume that the313
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equilibrium temperature and radiative relaxation timescale remain temporally invariant314

on synoptic timescales. In scenarios where these parameters fluctuate significantly—such315

as during seasonal transitions (spring or fall) or persistent blocking events such as heat316

domes—the applicability of the current theory is limited.317

Future research includes extending the theory to include transport velocities de-318

pendent on both time and space, motivated by the physical significance of vertical trans-319

port processes. More prediction-oriented future research includes the inclusion of more320

physical phenomena such as heat domes, and the development of more precise estimates321

of τ and ∆t for better predictions of temperature moments.322
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