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This paper presents the derivation of closed-form expressions of the single-point statistical mo-
ments of a solution to a nonhomogeneous stochastic advection equation with a linear relaxation.
While analytical solutions exist for homogeneous systems, nonhomogeneous cases have traditionally
relied on intensive numerical simulations. Here, we provide an analytical framework for calculating
single-point statistical moments by first obtaining the solution to the stochastic advection equation
via the method of characteristics, from which the moments are derived. Explicit, closed-form ex-
pressions for the first four moments are derived as functions of the characteristic length scale of the
stochastic velocity field and the spatial derivatives of time-mean profile of the field. The analytical
results are validated against numerical simulations using a Lax-Wendroff scheme, demonstrating ex-
cellent agreement across a range of physical parameters. The resulting theory acts as a generalized
“equation-of-state” style approach for predicting variability and non-Gaussian statistical behavior
directly from the macroscopic mean state, providing applicability across transport systems with a
wide range of time and length scales, including geology, hydrology, and atmospheric sciences.

I. INTRODUCTION

The advection equation is a fundamental tool for char-
acterizing the transport of physical quantities within fluid
media. It is extensively utilized to model tracer transport
such as advection of chemical concentration in porous
media [1–3], the evolution of scalar fields such as tem-
perature [4], humidity [5], and pollutant concentrations
[6, 7] in the high-Péclet-number regimes where diffusion
effects become negligible.

While certain physical systems are adequately de-
scribed by deterministic velocity fields, others are more
accurately represented by stochastic transport velocities.
In geology and hydrology, the advection equation with
a random velocity field describes solute transport with
random permeabilities in porous media [8–11]. In atmo-
spheric sciences, it describes transport of passive scalars
such as temperature in highly turbulent regions [12–14].
On astrophysical scales, a similar stochastic framework
can be applied to model the propagation of cosmic rays,
where the turbulent magnetic fields induce random par-
ticle trajectories [15, 16].

Consequently, significant efforts have been directed to-
ward understanding the advection of physical quanti-
ties with random velocity fields to elucidate the statis-
tical properties of the resulting solutions. Following Kol-
mogorov’s work [17], Kraichnan [18] applied the idea of
structure functions to passive scalars advected by random
velocity fields to calculate anomalous scaling of struc-
ture functions. Substantial work has been done to re-
fine Kraichnan’s theory, such as calculating more precise
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scaling exponents [19], consideration of a finite correla-
tion time [20], and combining the theory with Taylor’s
frozen-flow model [21]. Dynamical considerations have
been investigated through equations of motion with an
additive random forcing term to calculate the system’s
PDF via the Langevin and Fokker-Planck frameworks
[22], as well as through direct approaches to solving the
advection equation with random velocity fields [23–26].

Although these previous studies have significantly ad-
vanced the stochastic transport theory, their analytical
frameworks focused primarily on homogeneous advection
equations or on multi-point observables, most notably
structure functions. While structure functions are effec-
tive for determining scale-invariant properties by calcu-
lating the moments of the spatial difference of a field,
they do not contain any information about statistical mo-
ments at a fixed location. However, tracking these local
single-point statistics is critical for practical risk assess-
ment, as they determine the frequency and predictability
of extreme localized phenomena, such as extreme urban
temperature events or hazardous pollutant surges. As
a result, calculation of single-point statistical moments
of the solution to a nonhomogeneous advection equation
(i.e., with nonzero source terms) remained heavily depen-
dent on numerical simulations [11, 27–30].

In this study, we present a fully analytical frame-
work for calculating the single-point statistical moments
of the solution of the nonhomogeneous advection equa-
tion subject to stochastic transport and linear relaxation,
where the linear relaxation mechanism models a contin-
uous source and sink that drives the field back toward
its spatial equilibrium profile. To derive closed-form
expressions, we adopt two idealized assumptions: first,
the velocity field is modeled as a purely time-dependent
stochastic function, changing its values at every fixed in-
terval as a sequence of random step functions; second,
the average displacement of the field within a single cor-
relation time is negligible relative to the spatial length
scale of the change in equilibrium profile. Under these
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constraints, we derive closed-form solutions that are de-
pendent solely on the statistical properties of the velocity
fields and the spatial derivatives of the mean profile of
the field. By connecting moments with the mean profile
with closed-form expressions, our framework provides a
highly efficient alternative to traditional numerical sim-
ulations. More fundamentally, these analytical expres-
sions establish an “equation-of-state” style approach for
the transport system, directly mapping microscopic tem-
poral variability (the localized statistical moments) onto
macroscopic spatial structure (the mean profile and its
derivatives).

II. MODEL SETUP

A. Stochastic Advection Equation and Its Exact
Solution

Let us consider a one-dimensional fluid that transports
a field u, where the transport of u occurs stochastically
due to a random velocity field v(t) while approaching
an equilibrium profile ue over time. As an idealized ap-
proximation of this process, we use a one-dimensional
stochastic advection equation with linear relaxation:

∂u(x, t)

∂t
+ v(t)

∂u(x, t)

∂x
= −u(x, t)− ue(x)

τ
, (1)

where τ is the characteristic timescale of the linear re-
laxation, ue(x) is assumed to be a smooth function that
depends only on one variable x, and v(t) is a Gaussian
noise that depends only one variable t.

Note that Eq. (1) is a semilinear PDE, hence it can be
solved via the method of characteristics, as was done by
[31] in the homogeneous case. The characteristic equa-
tions of Eq. (1) are

dt

dr
= 1 (2)

dx

dr
= v(r) (3)

du

dr
= −u− ue(x)

τ
. (4)

With the initial conditions t(0) = 0, x(0) = s, and
u(0, s) = ui(s), we obtain

r = t (5)

x = s+∆s(r) (6)

∆s(r) =
∫ r

0
v(r′)dr′ , (7)

u(r, s) = ui(s)e
−r/τ

+ e−r/τ 1

τ

∫ r

0

ue(s+∆s(r′))er
′/τdr′.

(8)

Since ue(s) is differentiable with respect to s and ∆s(r′)
is differentiable in r′, we now rewrite Eq. (8) with inte-
gration by parts:

u(r, s) = ui(s)e
−r/τ + ue(s+∆s)− ue(s)e

−r/τ

− e−r/τ

∫ r

0

∂ue

∂s
(s+∆s(r′))v(r′)er

′/τdr′.
(9)

In the case of τ ≪ t, Eq. (9) approaches

u(r, s) = ue(s+∆s)

− e−r/τ

∫ r

0

∂ue

∂s
(s+∆s(r′))v(r′)er

′/τdr′,
(10)

which is clearly independent of the initial condition (and
coincides with the exact solution when u(0, s) = ue(s) is
used as the initial condition).
Equation (10), along with Eq. (5)–(6), provides the ex-

act steady-state solution to Eq. (1) for any velocity field
v(t) regardless of the initial condition. However, calculat-
ing the statistical moments of u(t, x) in this general form
remains analytically intractable due to the complexity of
the integral.

B. Asymptotic Expansion and Noise Discretization

To obtain a closed-form solution of statistical moments
of u(t, x), we discretize the noise v(t) with a series of
step functions that take a random value at each step
with a Gaussian distribution (conceptually mimicking a
staircase with random step heights in time), given by

v(t) =
∑
i

vi (H(t− ti)−H(t− (ti +∆t))) , (11)

where vi ∼ N (0, σ2
v), vi and vj are uncorrelated if i ̸= j,

and H(x) is a Heaviside step function, where we use the
convention H(0) = 1/2. From now on, we shall call each
step of such ’stairs’ a time step for convenience. A col-
lection of step functions represents simplified noise with
a nonzero autocorrelation, where the usual exponential
decay of the autocorrelation is replaced by a constant
value. In this study, we consider only the case where
∆t ≪ τ : when the timescale of the relaxation to the av-
erage profile ue is much larger than the timescale of the
autocorrelation of the noise ∆t. In addition, we restrict
our analysis to the regime where

v(t)∆t ≪ dnue(x)/dx
n

dn+1ue(x)/dxn+1
, n = 1, 2, . . . (12)

on average; this is the regime where the length scale of
the spatial change in the nth derivative of the equilibrium
profile is much larger than the typical distance the fluid
moves within the timescale of the noise ∆t. Mathemati-
cally, these approximations let terms of the lowest order

in v(t)∆t (as well as ∆x =
∫ t

0
v(t′′)dt′′) and of the low-

est order in the derivative of ue dominate. In fact, since
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the order of the derivative of ue increases as the order
of v(t)∆t increases, it is sufficient to keep the terms that
are the lowest order in v. This is a regime applicable
to physical systems such as Earth’s atmospheres [32–36],
and its validity is further demonstrated in Sec. IV.

Utilizing this limit, we expand ∂ue/∂s(s +∆s) in the
integrand in Eq.(10) about s:

u(r, s) = ue(s+∆s)− u′
e(s)e

−r/τ

∫ r

0

v(r′)er
′/τdr′

− u′′
e (s)e

−r/τ

∫ r

0

∆s(r′)v(r′)er
′/τdr′ + . . . ,

(13)

where a prime is used to indicate the derivative with
respect to its argument (i.e., u′

e(s) = due(s)/ds). Now
Eq. (13) can be expressed in terms of t and x via Eqs.
(5)–(7) as

u(t, x) = ue(x)− u′
e(x−∆x)e−t/τ

∫ t

0

v(t′)et
′/τdt′

− u′′
e (x−∆x)e−t/τ

∫ t

0

∆s(t′)v(t′)et
′/τdt′ − . . .

(14)

We further expand this expression about x to find

u(t, x) = ue(x)− u′
e(x)e

−t/τ

∫ t

0

v(t′)et
′/τdt′

− u′′
e (x)e

−t/τ

∫ t

0

(∆x(t′)v(t′)−∆x(t)v(t′))et
′/τdt′

− . . . .

(15)

Equation (15) and our asymptotic limits serve as the ba-
sis for calculating analytical forms of statistical moments
of the solution u(t, x) in the next section.

III. STATISTICAL MOMENTS

We now proceed with the step-by-step derivation of
the first four statistical moments in terms of statistical
properties of the velocity fields and the spatial deriva-
tives of the mean profile ū, using the asymptotic limit
established in Subsec. II B. For conciseness, the explicit
spatial argument x in ue(x) and its derived quantities
will be omitted hereafter.

A. First Moment

The first moment (average), evaluated to the lowest
order in v, is given by taking the ensemble average of Eq.
(15):

ū = ue − u′′
e

∫ t

0

(∆x(t′)v(t′)−∆x(t)v(t′))e(t
′−t)/τdt′, (16)

where the bar indicates the ensemble average. We first
consider the second term in the integrand, ∆x(t)v(t′).

FIG. 1. A schematic of the stochastic velocity given by Eq.
(11) as a function of time. A nonzero correlation between

v(t′) and ∆x(t) =
∫ t

0
v(t′′)dt′′ for t′ ≤ t occurs only at the

time step that includes t′′ = t′, and the correlation is present
for the entire time step ∆t.

FIG. 2. A schematic of the stochastic velocity given by Eq.
(11) as a function of time. A nonzero correlation between

v(t′) and ∆x(t′) =
∫ t′

0
v(t′′)dt′′ occurs only at the last time

step of the integration, the one that includes t′′ = t′, and the
correlation is present only for a fraction ϵ of the time step ∆t.

Since t′ ≤ t, somewhere within the domain of integration

for v(t′′) in t′′ in the calculation of ∆x =
∫ t

0
v(t′′)dt′′,

there exists a time step that includes t′. This is the only
part of ∆x(t) that is correlated with v(t′), and unless
t′ ≤ t is in the last time step of the integration, the
entire time step is integrated in the calculation of ∆x(t)
(see FIG. 1). We ignore the case where t′ is in the last
time step, as despite its existence, the difference makes
a negligible contribution to the integral in Eq.(16) when
t ≫ τ ≫ ∆t. Hence,

∆x(t)v(t′) = v(t′)2∆t = σ2
v∆t, (17)

where σv is the standard deviation of v(t).
On the other hand, the first term in the integrand of

Eq. (16) is given by

∆x(t′)v(t′) = ϵ(t′)σ2
v∆t, (18)

where ϵ(t′) is the fraction of the time step that includes

t′. Since the integration of v(t′′) in ∆x(t′) =
∫ t′

0
v(t′′)dt′′

stops at t′, the nonzero correlation between ∆x(t′) and
v(t′) is present only within a fraction ϵ(t′) of the time
step that includes t′ (see FIG. 2).
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Since ϵ(t′) takes purely random values between 0 and
1 at each t′, its average value is 1/2. Thus, after the
integration in t′ in Eq. (16), we find the first moment

ū(x) = ue +
1

2
u′′
eσ

2
v∆tτ = ue + u′′

eσ
2
x, (19)

where

σ2
x =

1

2
σ2
v∆tτ. (20)

Equation (20) shows that the ensemble mean of u (equiv-
alent to time mean at a fixed location) is shifted from the
equilibrium profile by a quantity proportional to the cor-
relation time, relaxation time, variance of the velocity
field, and square of the second derivative of the equilib-
rium profile. Thus, a linear ue does not shift ū from ue,
but a nonlinear ue shifts the ensemble mean with the dif-
ference that increases linearly with both correlation time
and relaxation time (in a similar way as a random walk,
where relaxation time is taken as the total time passed).

B. Second Moment

The second moment (variance), evaluated to the lowest
order in v, is

σ2
u = (u− ū)2

= e−2t/τu′2
e

∫ t

0

∫ t

0

v(t′)v(t′′)e(t
′+t′′)/τdt′dt′′,

(21)

where

v(t′)v(t′′) = σ2
v (22)

when t′′ and t′ are in the same time step, and zero oth-
erwise. Thus, in the limit τ ≪ t,

σ2
u = e−2t/τu′2

e

∫ t

0

σ2
v∆te2t

′/τdt′

=
1

2
u′2
e σ

2
vτ∆t = u′2

e σ
2
x.

(23)

We now use Eq. (19) to rewrite the variance in terms of
ū(x) and keep only the lowest order in σv to find

σ2
u = ū′2σ2

x. (24)

This shows that the variance is proportional to the square
of the first derivative of the equilibrium profile. This is
consistent with Schneider [36], where the same result was
obtained with a Taylor expansion of a mean state under
the assumption that the variability comes from advection
of a mean state.

C. Third Moment

The third moment (skewness) σ3
uµ3 is given by

σ3
uµ3 = (u− ū)3, (25)

where

u− ū = −1

2
u′′
eσ

2
v∆tτ − u′

ee
−t/τ

∫ t

0

v(t′)et
′/τdt′

− u′′
ee

−t/τ

∫ t

0

(∆x(t′)v(t′)−∆x(t)v(t′))et
′/τdt′.

(26)

To the lowest order in v,

σ3
uµ3 = −3e−2t/τu′2

e M
2 · 1

2
σ2
vτ∆tu′′

e

+ 3e−2t/τu′2
e u

′′
ee

−t/τM2P ,
(27)

where

M =

∫ t

0

v(t′)et
′/τdt′ (28)

and

P =

∫ t

0

(∆x(t)v(t′′)−∆x(t′′)v(t′′))et
′′/τdt′′. (29)

Then

M2 =
1

2
σ2
vτ∆te2t/τ (30)

and

M2P =

∫
[0,t]3

v(ti)v(tj)ξ(tk)v(tk)e
(ti+tj+tk)/τdt3, (31)

where ξ(tk) = ∆x(t) − ∆x(tk) and
∫
[0,t]n

dtn is

a shorthand notation for
∫ t

0

∫ t

0
· · ·

∫ t

0
dtn (in the

present case, dt3 = dtidtjdtk). With ξ(tk) =∫ t

0
v(t′′)dt′′ −

∫ tk
0

v(t′′)dt′′ =
∫ t

tk
v(t′′)dt′′ and Eq. (11),

v(ti)v(tj)ξ(tk)v(tk) can be written as

v(ti)v(tj)[ϵ(tk)v(tk) + v(tk+1) + · · ·+ v(t)]∆tv(tk),(32)

where ϵ(tk) is defined the same way as in the discussion of
the first moment. Each term in this expression is of the
form v(t1)v(t2)v(t3)v(t4), and it is nonzero if and only
if two pairs of correlating v’s are present. Furthermore,
since

E[v(tm)2v(tn)
2]− E[v(tm)2]E[v(tn)

2]

= cov[v(tm)2v(tn)
2] = var[v(tm)2]δmn

(33)

because there is no correlation between v(tm) and v(tn)
when m ̸= n,

E[v(ti)
2v(tk)

2]

= E[v(ti)
2]E[v(tk)

2] + var[v(ti)
2]δik.

(34)

After three integrations over ti, tj , and tk in Eq.(32),
terms that come from var[v(tm)2]δmn are negligible com-
pared to the terms that come from E[v(ti)

2]E[v(tk)
2] due
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FIG. 3. A graphical representation of ξ(tk). Its correlation
with v(tk) is nonzero only if tk ≤ tj ≤ t.

to the extra factor (∆t/τ)2 ≪ 1 compared to other terms.
We also ignore the term ϵ(tk)v(tk), unless the correlation
with this term is made with v(tk) (as opposed to v(ti)
and v(tj)). Hence, we find

M2P =

∫
[0,t]3

ξ(tk)v(tk) v(ti)v(tj)e
(ti+tj+tk)/τdt3

+ 2

∫
[0,t]3

ξ(tk)v(tj) v(ti)v(tk)e
(ti+tj+tk)/τdt3,

(35)

where the factor of 2 in the second term comes from the
symmetry between i and j. Note that,∫ t

0

v(tj)ξ(tk)e
(tj+tk)/τdtj

=

∫ t

tk

σ2
v∆te(tj+tk)/τdtj ,

(36)

as v(tj) and ξ(tk) have a nonzero correlation only if tk ≤
tj ≤ t (see FIG. 3). Therefore,

M2P =
∆t

2

∫ t

0

σ2
ve

2ti/τdti

∫ t

0

σ2
ve

tk/τdtk∆t

+ 2∆t

∫ t

0

σ2
ve

2tk/τdtk

∫ t

tk

σ2
ve

tj/τdtj∆t

=
7

12
∆t2τ2σ4

ve
3t/τ .

(37)

To the lowest order in σv, Eq.(27) can be written as

σ3
uµ3 = 3u′2

e u
′′
e∆t2τ2σ2

v

(
−1

4
+

7

12

)
= 4u′′

e

(
1

2
u′2
e ∆tτσ2

v

)
·
(
1

2
∆tτσ2

v

)
= 4u′′

eσ
2
uσ

2
x = 4ū′′σ2

uσ
2
x.

(38)

The skewness is proportional to the second derivative of
the equilibrium profile. Hence, in our model, the skew-
ness is nonzero only if ue is nonlinear in x. The vanishing
skewness with linear ue is consistent with the idea that
the variability of u comes from the advection of ue (or
the mean state); since the wind field is Gaussian, if ue

is linear in x, then symmetric velocity fluctuations yield
mirror-image fluctuations in u, resulting in a zero skew-
ness.

D. Fourth Moment

To calculate the fourth moment (kurtosis), it is most
convenient to first express u(t, x) in terms of ū instead of
ue to ensure to keep all relevant terms. Since

ue = ū− ū′′σ2
x,

u′
e(x−∆x) = u′

e − u′′
e∆x+

1

2
u(3)
e ∆x2,

u′′
e (x−∆x) = u′′

e − u(3)
e ∆x,

(39)

Eq. (15) can be written as

u(t, x) = ū− ū′′σ2
x

− e−t/τ ū′
∫

v(t′)et
′/τdt′

− e−t/τ ū′′
∫

ξ(t′)v(t′)et
′/τdt′

+
1

2
e−t/τ ū(3)

∫ (
ξ(t′)2 − 2σ2

x

)
v(t′)et

′/τdt′.

(40)

Therefore, the kurtosis, evaluated to the second lowest
order in v, is

σ4
uµ4 = (u− ū)4

= e−4t/τ ū′4M4 + 6e−2t/τ ū′2ū′′M2N2

+ 2e−4t/τ ū′3ū(3)M3L,

(41)

where

N = σ2
x − e−t/τ

∫ t

0

ξ(t′)v(t′)et
′/τdt′ (42)

and

L =

∫ t

0

(
ξ(t′)2 − 2σ2

x

)
v(t′)et

′/τdt′. (43)

To simplify Eq.(41), let

D1 = e−4t/τ ū′4M4, (44)

D2 = 6e−2t/τ ū′2ū′′M2N2, (45)

D3 = 2e−4t/τ ū′3ū(3)M3L, (46)

so that σ4
uµ4 = D1 +D2 +D3. Then

D1 = 3ū′4e−4t/τ

∫
[0,t]2

v(ti)2 v(tk)2∆t2e2(ti+tk)/τdt2

= 3

(
1

2
ū′τ∆tσ2

v

)2

= 3σ4
u,

(47)

which is clearly the zeroth-order term of kurtosis. Note
that,

e−t/τM2N2 = et/τ
∫
[0,t]2

v(ti)v(tj)σ
4
xe

(ti+tj)/τdt2

− 2

∫
[0,t]3

v(ti)v(tj)ξ(tk)v(tk)σ
2
xe

(ti+tj+tk)/τdt3

+ e−t/τ

∫
[0,t]4

v(ti)v(tj)ξ(tk)v(tk)ξ(tl)v(tl)e
∑

t/τdt4,

(48)
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where
∑

t = ti + tj + tk + tl. Then we find

D2 = −22ū′2ū′′2σ6
x + 6ū′2ū′′2e−4t/τH, (49)

where

H =

∫
[0,t]4

v(ti)v(tj)ξ(tk)v(tk)ξ(tl)v(tl)e
∑

t/τdt4. (50)

Just as in the previous case with four vm’s,
v(t1)v(t2)v(t3)v(t4)v(t5)v(t6) is nonzero if and only if
there are three pairs of two equal tm’s. Hence, consider-
ing only the dominant terms, we find

H =

∫
[0,t]4

v(ti)v(tj) ξ(tk)v(tk) ξ(tl)v(tl)e
∑

t/τdt4

+

∫
[0,t]4

v(ti)v(tj) ξ(tk)v(tl) ξ(tl)v(tk)e
∑

t/τdt4

+

∫
[0,t]4

v(ti)v(tj) ξ(tk)ξ(tl) v(tl)v(tk)e
∑

t/τdt4

+ 2

∫
[0,t]4

v(ti)ξ(tk) v(tj)ξ(tl) v(tk)v(tl)e
∑

t/τdt4

+ 2

∫
[0,t]4

v(ti)ξ(tk) v(tl)ξ(tl) v(tk)v(tj)e
∑

t/τdt4

+ 2

∫
[0,t]4

v(ti)ξ(tk) v(tk)ξ(tl) v(tl)v(tj)e
∑

t/τdt4

+ 2

∫
[0,t]4

v(ti)v(tk) ξ(tk)ξ(tl) v(tl)v(tj)e
∑

t/τdt4.

(51)

Note,

∫
ξ(tk)ξ(tl)e

(tk+tl)/τdtk

=

∫ tl

0

(t− tl)∆tσ2
ve

(tk+tl)/τdtk

+

∫ t

tl

(t− tk)∆tσ2
ve

(tk+tl)/τdtk,

(52)

as correlation between ξ(tk) and ξ(tl) with a fixed tl
is nonzero only when t′′ in ξ(tk) = ∆x(t) − ∆x(tk) =∫ t

tk
v(t′′)dt′′ is in [tl, t] if tk ≤ tl, and is nonzero only

when t′′ is in [tk, t] if tk ≥ tl (see FIG. 4). The factor
(t− tk)∆tσ2

v comes from the random walk considerations
(i.e., variance is proportional to the number of steps times
the length of each step).

FIG. 4. A graphical representation of the correlation between
ξ(tk) and ξ(tl). If we fix tl, their correlation is nonzero when
t′′ ∈ [tl, t] if tk ≤ tl, and it is nonzero when t′′ ∈ [tk, t] if
tk ≥ tl. In each case, the region with a nonzero correlation is
shaded with purple.

Now, Eq. (51) can be written as

H = (∆tσ2
v)

3

∫ t

0

e2ti/τdti

∫ t

0

1

2
etk/τdtk

∫ t

0

1

2
etl/τdtl

+ (∆tσ2
v)

3∆t

∫ t

0

e2ti/τdti

∫ t

0

1

4
e2tk/τdtk

+ (∆tσ2
v)

3

∫ t

0

e2ti/τdti

∫ t

0

(t− tk)e
2tk/τdtk

+ 2(∆tσ2
v)

3

∫ t

0

e2tk/τdtk

∫ t

tl=tk

etj/τdtj

∫ t

tk

eti/τdti

+ 2(∆tσ2
v)

3

∫ t

0

e2tk/τdtk

∫ t

tk

eti/τdti

∫ t

0

1

2
etl/τdtl

+ 2(∆tσ2
v)

3

∫ t

0

e2tl/τdtl

∫ t

tk

eti/τdti

∫ t

tl

etk/τdtk

+ 2(∆tσ2
v)

3

∫ tl

0

etk/τ (t− tl)e
(tk+tl)/τdtk

∫ t

0

etl/τdtl

+ 2(∆tσ2
v)

3

∫ t

tl

etk/τ (t− tk)e
(tk+tl)/τdtk

∫ t

0

etl/τdtl

(53)

Therefore,

H = ∆t3τ3σ6
ve

4t/τ

(
1

8
+

1

8
+

1

6
+

1

6
+

1

12
+

1

3

)
= 1 · e4t/τ∆t3τ3σ6

v = 8 ·
(
1

2
τ∆tσ2

v

)3

e4t/τ

= 8σ6
xe

4t/τ .

(54)
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Hence,

D2 = ū′2ū′′2σ6
x(−22 + 6 · 8) = 26ū′2ū′′2σ6

x. (55)

To simplify D3, note that

M3L =

∫
[0,t]4

v(ti)v(tj)v(tk)ξ(tl)2v(tl)e
∑

t/τdt4

− 2σ2
x

∫
[0,t]4

v(ti)v(tj)v(tk)v(tl)e
∑

t/τdt4

= Z − 2σ2
x · 3σ4

x,

(56)

where

Z = 3

∫
[0,t]4

v(ti)v(tj) v(tk)v(tl) ξ(tl)2e
∑

t/τdt4

+ 3

∫
[0,t]4

v(ti)v(tj) v(tk)ξ(tl) ξ(tl)v(tl)e
∑

t/τdt4

+ 3

∫
[0,t]4

v(ti)ξ(tl) v(tj)ξ(tl) v(tk)v(tl)e
∑

t/τdt4.

= 3(∆tσ2
v)

3

∫ t

0

e2ti/τdti

∫ t

0

(t− tl)e
2tl/τdtl

+ 3(∆tσ2
v)

3

∫ t

0

e2ti/τdti

∫ t

tl

etk/τdtk

∫ t

0

1

2
etl/τdtl

+ 3(∆tσ2
v)

3

∫ t

0

e2tl/τdtl

∫ t

tl

etj/τdtj

∫ t

tl

eti/τdti

=

[
3

8
+

3

8
+ 3

(
1

2
− 2

3
+

1

4

)]
τ3∆t3σ6

ve
4t/τ

= 1 · τ3∆t3σ6
ve

4t/τ = 8σ6
xe

4t/τ .

(57)

Therefore,

D3 = 2ū′3ū(3)(8− 6)σ6
x

= 4ū′3ū(3)σ6
x = 4ū(3)σ3

xσ
3
u.

(58)

Finally,

σ4
uµ4 = D1 +D2 +D3

= 3σ4
u + 26ū′′2σ2

uσ
4
x + 4ū(3)σ3

uσ
3
x,

(59)

thus

µ4 = 3 +
13

8
µ2
3 + 4ū(3) σ

3
x

σu
. (60)

Note that µ3 depends on both first and second deriva-
tives of ū; kurtosis depends on first, second, and third
derivatives of ū. If both second and third derivatives are
zero, then excess kurtosis vanishes.

The calculations are more complicated with higher-
order moments, but they can be performed in the same
systematic manner.

IV. NUMERICAL VALIDATION OF THE
ANALYTICAL FRAMEWORK

In this section, we compare our first four moments,
(16), (24), (38), and (60), with a numerical calculation
of the advection equation (1). The equilibrium function
ue is set to be a cosine function ue(x) = 2 cos((π/2)x),
and the calculations are performed over the domain 0 <
x < 1. The stochastic velocity v(t) is set by choosing
random values with a Gaussian distribution at each t,
and Lax-Wendroff scheme is used for the integration.
While the analytical solution was tested across a

broader range of parameters, we present two represen-
tative cases here: one under ideal conditions where the
theory matches the numerics exceptionally well (∆t/τ =
0.05 and σv∆t/∆x = 0.04) and one where the param-
eters are relaxed to illustrate the expected boundaries
and minor deviations of the model (∆t/τ ∼ 0.125 and
σv∆t/∆x = 0.2), both sets of values being motivated by
typical conditions of the middle latitudes of the Earth’s
atmosphere.
As our derivation in Sec.II, our analytical solu-

tions of moments are for the limit where correlation
time ∆t is small compared to the relaxation time τ
and where the typical distance moved by the fluid
within one correlation time is small compared to the
length scale of the change in dū/dx, corresponding
to ∆t/τ ≪ 1 and σv∆t/((dū/dx)/(d2ū/dx2)) ≪ 1.
As shown in FIG. 5, our numerical solutions indeed
match our analytical solutions for all four moments when
σv∆t/((dū/dx)/(d2ū/dx2)) is less than ∼ 0.2, and the re-
gion of poor agreement is smaller with smaller ∆t/τ .

V. CONCLUSIONS

In this work, we have presented a fully analytical
derivation of the single-point statistical moments for the
solution of a one-dimensional nonhomogeneous advection
equation governed by a random transport velocity. The
framework incorporates a stochastic Gaussian transport
velocity with a finite, discrete correlation time ∆t and a
nonzero forcing term with the linear relaxation approx-
imation with its timescale being τ . While our method-
ology is applicable to moments of any arbitrary order,
we have provided explicit closed-form expressions for the
first four moments in the regime where correlation time is
much smaller than the relaxation timescale (∆t ≪ τ) and
the characteristic distance traveled by the fluid within
this correlation time is short compared to the character-
istic length scale of the spatial change in the equilibrium
profile.
In contrast to the traditional approaches that rely on

computationally intensive ensemble simulations, our ap-
proach yields closed-form expressions that depend exclu-
sively on the mean profile ū, the relaxation timescale, and
the statistical properties of the transport velocity. This
provides a computationally efficient alternative for calcu-
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FIG. 5. Comparison between our theory and numerical cal-
culation. From top: ratio of mixing length σvτr = σvτ
and the ratio of ∂u/∂x and ∂2u/∂x2, time-mean tempera-
ture, standard deviation, skewness, and kurtosis of u(t, x).
Left: ∆t/τ ∼ 0.05 and σv∆t/∆x = 0.04 Right: ∆t/τ ∼
0.125 and σv∆t/∆x = 0.2. As expected, analytical so-
lutions match numerical simulations when ∆t/τ ≪ 1 and
σv∆t/((dū/dx)/(d2ū/dx2)) ≪ 1.

lating statistical moments, where direct data-driven ap-
proaches suffer from inaccuracies with higher-order mo-
ments due to their sensitivitiy to outliers. Specifically,

we show that non-Gaussian statistics arise directly from
the nonvanishing derivatives of the underlying equilib-
rium profile: mean state ū shifts away from the equilib-
rium profile ue due to the local curvature ū

′′, the variance
scales with the square of the gradient ū′, skewness is pro-
portional to the second derivative ū′′, and the kurtosis
depends on all first three derivatives of ū.
Beyond its computational efficiency, the primary value

of our framework is that it directly connects the local
temporal variability of field u(t, x) at a fixed location
(i.e., single-point statistical moments) to the macroscopic
spatial gradients of its mean state ū(x). Our expressions
for the moments establish an “equation-of-state” style
approach that describes the average microscale behavior
of u(t, x) in terms of the macroscopic quantity ū.
These results are applicable to a broad spectrum of

physical systems characterized by advection with random
transport velocity and linear relaxation, such as local-
ized temperature distributions or chemical concentration
fluctuations. Future efforts include generalizing the the-
ory to two or three dimensions, and incorporating spatial
dependence into the stochastic velocity field to capture
more complex turbulent transport regimes.
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