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ABSTRACT: Heat waves are expected to increase in severity and frequency under climate change. Case studies have
shown that heat waves typically occur during a coalescence of anomalous atmospheric and land surface conditions, but
teasing apart the different contributing factors is a challenge, in part owing to the difficulty in disentangling the role of soil
moisture from that of atmospheric variations in solar radiation and thermal advection. Here, we provide evidence that low
soil moisture is associated with extremely high temperatures in the midlatitudes and develops a theoretical framework to
understand this association. We first show that a nonlinear relationship between soil moisture and temperature arises from
energy and mass conservation at the land surface and then employ this relationship to quantify the influence of soil mois-
ture on temperature variability. After deriving a diagnostic equation for the nonlinear temperature response to soil mois-
ture variations, we obtain a dynamical Hasselmann-like model for the soil moisture variations themselves. We find that soil
moisture fluctuations control the frequency of temperature extremes by slowly altering the land surface climate state on
which atmospheric variability is superimposed, rather than by altering atmospheric variability itself. Our diagnostic model
allows us to quantify how extreme an atmospheric anomaly needs to be to create a heat wave, conditional on the under-
lying soil moisture. By forcing our Hasselmann-like model for soil moisture with stochastic precipitation, we derive analyti-
cal solutions for the statistical moments of soil moisture.

SIGNIFICANCE STATEMENT: Heat waves strain numerous aspects of human and natural systems. Here, we
present an analytical, minimal complexity model to understand how each of these factors contributes to heat waves in
the midlatitudes. Our model yields two novel theoretical insights: 1) a nonlinear diagnostic equation for surface temper-
atures in terms of surface soil moisture content and 2) a nonlinear Hasselmann-like model for the soil moisture
response to precipitation. We further show that the strength of this nonlinearity controls the heterogeneous influence
of soil moisture on temperature extremes. Our model provides a conceptual understanding of how “fast” atmospheric
variability and “slow” variability in land hydrology jointly contribute to temperature extremes in the midlatitudes.

KEYWORDS: Extreme events; Climate change; Climate variability; Soil moisture

1. Introduction

Heat waves heavily impact economies (Garcı́a-León et al.
2021), ecosystems (Sippel et al. 2016), and human health
(Robine et al. 2008); the European heat wave of 2003 alone is
estimated to have killed over 70 000 people. These extreme
heat events are expected to become more widespread in a
warming climate, as changes in both the mean and variance
of local temperature distributions are expected to lead to
more instances where historical temperature benchmarks
are breached (IPCC 2021). Absent adaptation, these ex-
treme events could lead to substantive harm on human and

natural systems alike (Carleton and Hsiang 2016; Sun et al.
2024).

As fossil fuel emissions lead to rising global average
temperatures, local average temperatures, too, shift toward
warmer conditions and lead to more frequent and severe heat
waves (Rhines and Huybers 2013). While the precise impact
of a warming climate on extreme events is highly sensitive
to the details of the underlying distribution (Huybers et al.
2014), a recent study found that the growth rate of local me-
dian temperatures scale similarly to local extremely high tem-
peratures, though extremely cold temperatures seem to grow
at a comparatively lower rate (McKinnon et al. 2024). A short
and nonstationary observational record makes it difficult to
robustly estimate how often a given historical temperature
threshold should be exceeded locally as the global average
temperature rises, though recent work has suggested that bulk
hemispheric statistics and the spatiotemporal pattern of temper-
ature extremes provide robust upward trends in local tempera-
ture extremes attributable to a rising average global temperature
(Van Loon and Thompson 2023; Patel et al. 2024).
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A number of studies aim to quantify how much climate
change contributes to the likelihood of individual extreme
events. However, statistical approaches to attribution depend
on fitting the limited number of observations to a given dis-
tribution with a number of free parameters (such as a gen-
eralized extreme value distribution, which has four free
parameters), making it difficult to assign a likelihood to even
well-characterized events such as the 2021 Pacific Northwest
heat wave (Philip et al. 2022; McKinnon and Simpson 2022).
In light of this limitation, recent work has utilized operational
weather forecasting models to quantify the human influence
on extreme events, including the Pacific Northwest heat wave
(Leach et al. 2024), though these approaches rely on running
expensive computational models.

In addition to changing the average of local temperature
distributions, climate models mostly show increasing tem-
perature variance in the tropics as global temperatures rise
(Vargas Zeppetello and Battisti 2020), but there remains
considerable intermodel uncertainty (Chan et al. 2022). Fur-
thermore, model biases make comparison across models diffi-
cult (Vargas Zeppetello and Battisti 2020). These biases, in
addition to limitations in the empirical record mentioned above,
highlight a growing need for a unified theory of present-day heat
waves, especially outside the tropics (Byrne 2021; Zhang et al.
2021; Byrne et al. 2024).

A full understanding of heat waves, however, has been ham-
pered by the difficulty in disentangling contributing mechanisms
that act across a breadth of time scales: atmospheric energetics
and blocking patterns (Pfahl and Wernli 2012; Zhang and
Boos 2023), cloud variability (Meehl and Tebaldi 2004), and
thermal advection near the surface (Schneider et al. 2015;
Tamarin-Brodsky et al. 2020) contribute to fast variations in
near-surface temperature relative to soil moisture dynamics
(Koster and Suarez 2001; Seneviratne et al. 2006b; Lorenz
et al. 2010; Vargas Zeppetello et al. 2022). This tension be-
tween atmospheric dynamics-centric approaches to analyzing
heat waves and surface thermodynamic-centric approaches is
thoroughly explored in Duan et al. (2024). Throughout this
paper, we will refer to the relatively fast processes (variations
in atmospheric energy convergence, thermal advection, and
cloud radiative effects) as the “atmospheric forcing” in contrast
to variations driven by (comparatively) slower fluctuations in
soil moisture. Capturing the interaction of these mechanisms is
a key component of any physical theory of heat waves, as it
is a general property of stochastic systems that the shape of
nonnormal distributional tails is controlled by the interaction
of mechanisms across time scales (Proistosescu et al. 2016).

A generic picture of how atmospheric circulation contributes
to generating a midlatitude summer “heat dome” involves the
spatial stagnation of a high pressure system, known as a
“blocking” event. Anticyclonic circulation leads to enhanced
surface warming through a combination of subsidence-driven
adiabatic heating (Pfahl and Wernli 2012), advection of warm
air (Schumacher et al. 2019), and suppression of convection
and clouds (Bieli et al. 2015). Each of these mechanisms
increases the energy in the boundary layer and, by extension,
the temperature near the land surface.

While this excess of energy inevitably warms the surface, it
does not necessarily lead to the onset of extremely high tem-
peratures (or a heat wave). Instead, the extent to which
increased surface forcing leads to extreme temperatures is
modulated by the thermodynamic state of the surface; the
surface energy balance, in turn, is modulated by an upper
bound on the equivalent potential temperature that, once
exceeded, triggers storm activity aloft that cools the surface
via injecting moisture back into the soil column (Sherwood
and Huber 2010; Buzan and Huber 2020; Zhang and Boos
2023). The land surface thermodynamic state controls the par-
titioning of incoming atmospheric forcing into two channels:
an evapotranspiration (ET) channel, where incoming energy
evaporates moisture from the soil column and leads plants
to transpire water, and a heating channel, where incoming
energy raises temperatures (Seneviratne et al. 2010). Parti-
tioning between these two channels influences near-surface
air temperatures and is controlled mainly by two factors:
1) the atmospheric vapor pressure deficit (VPD) and 2) the
available moisture in the soil for ET (Budyko 1961; Manabe
1969; Sellers et al. 1997). This partitioning has been shown to
exert a strong control on the distribution of temperature ex-
tremes (both hot and cold) in reanalysis and climate models
(McKinnon et al. 2024). The influence of soil moisture on
individual heat waves has been shown in a number of case
studies (e.g., Whan et al. 2015), and the link between precipi-
tation deficits (a proxy for dry soils) and extremely hot days
has been shown to be widespread (Mueller and Seneviratne
2012). However, a theoretical model of how soil moisture
interacts with higher frequency atmospheric variability to
influence heat waves is lacking.

In this paper, we first use observational data to demonstrate
the relationship between soil moisture and temperature
extremes across the continental midlatitudes. With this as a
foundation, we use a long reanalysis product to demonstrate
the time-scale separation between (slow) soil moisture and
(fast) atmospheric variability. We begin our theoretical analysis
by developing an idealized model to show how nonlinear
coupling between soil moisture and temperature arises out
of simple energy and mass balance at Earth’s land surface,
move from the generic to the specific, and build on a previous
framework (Vargas Zeppetello et al. 2022) to quantify soil
moisture’s influence on temperature variability. Along the
way, we explain how “breakpoints” emerge in observations of
temperature and soil moisture (Benson and Dirmeyer 2021)
in purely physical terms; these breakpoints are by-products
of the nonlinear coupling between soil moisture and tem-
perature. Finally, we derive analytical expressions for the soil
moisture distribution moments, including nonlinear effects in
VPD that were neglected in previous work.

2. Data

a. Observational data

In our observational analysis, we use daily maximum 2-m
air temperature data from the CPC Global Unified Tempera-
ture dataset and daily mean surface soil moisture data from
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ESA Climate Change Initiative, version 7.1 (ESA-CCI v07.1)
(Dorigo et al. 2017; Gruber et al. 2017, 2019). We use sum-
mertime (June–August) temperature and soil moisture data
from the years 2012 to 2021. Data from the ESA-CCI product
represent soil moisture averaged through a 5-cm slab of soil,
and only days where no quality control flags were present
contributed to the analysis. Though the ESA-CCI data prod-
uct goes further back than 2012, the data assimilation scheme
ingests fewer satellite observations over this period, and the
spatial coverage is not as robust, particularly at high latitudes.

b. Reanalysis product

We utilize hourly ERA5 reanalysis (Copernicus Climate
Change Service 2019) for long-term statistical analyses of soil
moisture’s influence on temperature extremes and for generat-
ing model time series. While observational products could be
used for examining the relationship between soil moisture and
temperature extremes, we use ERA5 to ensure consistency
when we compare ERA5 soil moisture and temperature time
series and our model output that is forced by ERA5 shortwave
radiation, precipitation, and dewpoint temperature time series.
This choice does come with caveats: for example, ERA5 is
known to not perfectly conserve water mass (Muñoz-Sabater
et al. 2021; Mayer et al. 2021). However, as Benson and
Dirmeyer (2021) showed using the Soil Climate Analysis
Network (SCAN; Schaefer et al. 2007) and flux network
(FLUXNET) observational data (Pastorello et al. 2017),
ERA5 reproduces the nonlinear coupling between soil mois-
ture and extreme temperatures well, giving us confidence that
ERA5 is fit for the purpose of our study.

Throughout, we use summertime data (June–August) over
multiple sites (Southern Great Plains; Wichita, Kansas;
Atlanta, Georgia; Dallas, Texas; Washington, D.C.; Minneapolis,
Minnesota; and Seattle, Washington) in the range of 1979–
2021 at 0.258 3 0.258 resolution. For the majority of our
analysis, we use daily mean values for environmental variables;
we convert hourly reanalysis output to daily means by averaging
over each 24-h period. For our statistical analysis (Fig. 2), we use
daily mean 2-m temperature and soil moisture data from the
uppermost layer (0–7-cm depth). To generate model time series,
we force our dynamical model with daily mean shortwave radia-
tive forcing, precipitation, and dewpoint time series. We com-
pare our model output with daily mean 2-m temperature, soil
moisture content (uppermost layer, 0–7 cm), latent heat flux, and
the sum of outgoing longwave and sensible heat fluxes in Fig. 4.

3. Evidence from observations and reanalysis

a. Heat waves and soil moisture in observations

We begin our analysis by considering observations of soil
moisture and extremely high temperatures. We focus on obser-
vations because they allow us to demonstrate a widespread rela-
tionship between soil moisture and extremely high temperatures
without relying on global/regional climate models or reanalysis
products. In what follows, we will consider observational data of
temperature and soil moisture without removing the seasonal
cycle in radiation. This could introduce a third, unaccounted for

factor in our analysis below; however, we find that removing the
seasonal cycle does not much impact the takeaways of this sub-
section (see Fig. S1 in the online supplemental material). We
will later utilize reanalysis and a dynamical model to perform a
more rigorous analysis of this correlation, as the observational
record is too short for this purpose.

Observations in Fig. 1a show the connection between ex-
tremely hot days and soil moisture deficits in the midlatitudes.
A value of 100 in Fig. 1a indicates that all days above the local
99th temperature percentile occurred when the soil was drier
than the local 25th percentile (i.e., all points above the orange
lines in Figs. 1b–f are also left of the green lines). In many re-
gions, more than 90% of days where temperatures exceed the
local 99th percentile occur when the soil is desiccated. The as-
sociation between low soil moisture and high temperatures is
strongest in continental midlatitude regions such as the cen-
tral United States and central Europe, as well as in subtropi-
cal regions with high precipitation variability such as South
Asia and the Sahel. The association is weakest in high-latitude
regions such as Canada and Siberia and in very arid regions
such as the U.S. Southwest and the Sahara. This corroborates
model-based explorations of spatially varying land–atmosphere
coupling strengths (e.g., Seneviratne et al. 2006a; Santanello
et al. 2018).

The difference between areas where the correlation between
low soil moisture and high temperatures is sizable and areas
where this correlation is moderate to minimal can be visualized
in temperature–soil moisture phase space (Figs. 1b–f). In some
regions, extremely high temperatures are clustered around
periods where the soil is dry. This is consistent with past
studies on nonlinearities in the soil moisture–temperature
relationship found in observations (Benson and Dirmeyer
2021). Conversely, where soil moisture seems to matter little
for temperature extremes, the phase–space relationship between
temperature and soil moisture is either (i) relatively flat (like in
the Canadian boreal forests shown in Fig. 1c) or (ii) there is
too little variability in soil moisture for soil moisture to influ-
ence temperatures significantly (like the Arabian Desert shown
in Fig. 1d). Explaining this emergent, potentially nonlinear re-
lationship between soil moisture and temperature, or the lack
of such a relationship in some regions, is the primary goal of
this paper.

b. Soil moisture and temperature in reanalysis

To further explore the relationship between temperature
and soil moisture and build toward a conceptual, physical
understanding of this relationship, we focus on three places
in the United States with a range of relationships between
soil moisture and near-surface temperature. We use the
summertime [June–August (JJA)] ERA5 daily mean temper-
ature and (top-layer) soil moisture data (Copernicus Climate
Change Service 2019) for the Southern Great Plains (SGP;
we use the Department of Energy Atmospheric Radiation
Measurement site for the precise coordinates in this analysis);
Atlanta, Georgia; and Washington, D.C. in what follows.
Note that the findings below do not depend on whether one
considers daily mean or daily maximum temperatures or if
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temperatures are viewed as anomalies relative to long-term
averages (see Figs. S2 and S3).

In Figs. 2a–c, we show temperature–soil moisture phase space
plots that are empirically similar to the plots from Figs. 1b–f
from different locations across the globe. The gold lines show
the mean temperature after we bin the temperature data by
each soil moisture decile and compute the mean. In areas of
strong soil moisture influence like the SGP, the mean temper-
ature increases nonlinearly as the soil dries, whereas this
phase space is relatively flat in regions of weak coupling (i.e.,
Washington, D.C.). These locations serve as analogs to the
different coupling regimes seen in observations (Fig. 1b for
SGP and Fig. 1c for Washington, D.C.).

Though soil moisture variations are associated with ;58–108C
changes in decile-mean temperatures at each site, we analyze
in Figs. 2a–c that the influence of soil moisture on daily
temperature variance within each decile is not obvious. We
compute probability distribution functions (PDFs) for near-
surface temperature after binning by each soil moisture decile
(as done in Figs. 2a–c) in Figs. 2d–f and remove the mean
temperature from the PDFs in Figs. 2g–i. We find that the
PDFs are roughly centered on the origin when the mean tem-
perature is removed, suggesting that soil moisture modifies
the mean temperature state but plays less of a role in deter-
mining the daily variance for a given level of soil moisture.
Figures 2j–l show this more clearly: the standard deviation of
temperature is roughly constant across soil moisture levels re-
gardless of the degree to which average temperature is influ-
enced by soil moisture. Indeed, there is no clear pattern of the

relationship between temperature variability and soil mois-
ture content that appears across all sites, suggesting that the
differences across soil moisture deciles could result from cha-
otic atmospheric variability.

Based on our analysis in Figs. 1 and 2, we highlight two con-
clusions that inform our theoretical model. The first is that,
while soil moisture seems to play a potentially significant role
in modulating the mean state of temperature, it appears to
play a lesser role in determining daily temperature variability.
The second is that the degree to which soil moisture impacts
heat wave frequency and intensity is related to the strength of
the nonlinear correspondence between soil moisture and tem-
perature. Indeed, soil moisture has a sizable impact in the
SGP which has a strongly nonlinear relationship between
soil moisture and temperature, whereas soil moisture has a
minimal impact in Washington, D.C., which has a weak non-
linearity strength (see the gold lines in Figs. 2a–c). Atlanta
serves as a “middle of the road” example between the SGP
and Washington, D.C.

4. Theory for coupling between soil moisture and
temperature

Before analyzing the case studies mentioned above, we first
present a general theoretical framework that explains how a
nonlinear relationship can arise out of the surface energy
balance (as was observed in the SGP). Our goal here is not to
describe a given location or climate in particular but to remain
as general as possible to build intuition for our case studies later.

FIG. 1. (a) The percentage of days where the maximum temperature exceeds the local 99th percentile while soil moisture is less than the
local 25th percentile. (b)–(f) Daily maximum temperature–soil moisture phase space plots with the horizontal orange line indicating the lo-
cal 99th temperature percentile and the vertical green line indicating the local 25th percentile for soil moisture. Each panel uses summer-
time (JJA) daily maximum temperature data from the CPC Global Unified Temperature dataset and daily soil moisture data from the
ESA-CCI v07.1 dataset, both over the timespan of 2012–21.
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First, consider a surface layer with a heat capacity C,
temperature T, and volumetric soil moisture content u. As we
are only interested in the influence of soil moisture on energy
fluxes, our u is the quantity of soil moisture available for
evapotranspiration, meaning u is always greater than or equal
to the wilting soil moisture threshold (Koster et al. 2004).
Energy enters the system via net downward radiation F and
exits the system via the combination of thermal radiation and
sensible heat flux that we write as H(T) and latent heat that
we denote as lE(u, T), where l is the latent enthalpy of vapor-
ization and E is the evapotranspiration. We assume that
ground heat fluxes to lower layers of soil moisture are negligi-
ble. We assume that the “dry heat fluxes” (thermal radiation
and sensible heat flux) emitted by the surface are purely a
function of temperature and the latent heat is a function of
both soil moisture content and temperature (Seneviratne et al.
2010). With these definitions, energy conservation implies

C
dT
dt

5 F 2 H(T) 2 lE(u, T): (1)

We now make two natural assumptions about the outgoing
heat fluxes. The first is that the evapotranspiration is, to first
order, the product of two separable functions of temperature
and soil moisture content, such that lE(u, T)5 l‘u(u)‘T(T).
Note ‘u and ‘T are increasing functions of soil moisture and
temperature, respectively, consistent with theory (Budyko
1961) and a number of modeling studies (e.g., Manabe 1969;
Sellers et al. 1986; Best et al. 2011; Duan et al. 2024).

The second assumption is that, to leading order, the sum
of the dry heat fluxes H(T) scales similarly to the thermal
dependence of the outgoing latent heat flux, such that
H(T)’ a‘T(T), where a . 0 determines the strength of the
dry fluxes relative to the latent heat flux. This relationship is
motivated by the fact that both the dry and latent heat
fluxes are increasing functions of temperature and thus, to
first order, will possess analogous scalings with temperature,
albeit with different sensitivities (hence our inclusion of a
above).

Introducing both assumptions outlined above into our (1),
we have

FIG. 2. (a)–(c) Scatterplots of the temperature–soil moisture phase space for three locations, with extreme temperature days colored or-
ange (T . 95th percentile) and green (T . 99th), as well as the mean temperature averaged within each soil moisture decile (gold curve),
see the legend above (a)–(c). (d)–(f) The estimated PDF of near-surface temperature conditional on each decile of soil moisture using
ERA5 reanalysis output. The cyan (maroon) PDFs are for the high (low) deciles of soil moisture. The mean PDF is in black. (g)–(i) As in
(d)–(f), but after subtracting the mean temperature of each PDF. (j)–(l) The standard deviation of the temperature PDF after binning
by each soil moisture decile. Each panel uses summertime (JJA) daily average 2-m temperature and daily average soil moisture (of the
topmost layer) values from the ERA5 reanalysis product from 1979 to 2021.
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C
dT
dt

5 F 2 [a 1 l‘u(u)]‘T(T): (2)

Assuming that the energy fluxes are in equilibrium, we can
isolate the temperature dependence of the fluxes, such that

‘T(T) 5
F

a 1 l‘u(u)
: (3)

Equation (3) shows that the temperature dependence of
surface energy fluxes is nonlinearly related to the soil
moisture dependence of the latent heat flux. If we now
Taylor expand ‘T(T) and neglect nonlinear terms such that
‘T(T)’ ‘T(T0)1 z(T 2 T0)1O(T2

0 ), where T0 . 0 is an ar-
bitrary reference temperature and z . 0, we obtain

T(u) 5 F
z[a 1 l‘u(u)]

1 G(T0), (4)

where G(T0)5 T0 2 ‘T(T0)/z is a function of the reference
temperature only (and is therefore constant). Equation (4)
implies that a nonlinear relationship between soil moisture
and surface temperatures is a generic result of surface energy
balance, independent of a given parameterization of the soil
moisture–dependent component of the latent heat flux, sub-
ject to our assumptions made about the outgoing fluxes.

We can illustrate how different parameterizations of ‘u(u)
influence the qualitative relationship found in (4). To do so,
we normalize all coefficients in (4) and allow ‘u(u) to take on
a variety of functional forms, with the only restriction being
that ‘u(u) is sublinear in u owing to the concave relationship
between soil moisture and evapotranspiration that is a consis-
tent feature of land surface models (Budyko 1961; Trugman
et al. 2018). Note that in our results, the “piecewise” parame-
terization refers to a conventional linkage of soil moisture to
evapotranspiration designed to distinguish between moisture
and energetic limitations on evapotranspiration, where

‘u(u) 5
u, u # u*

u*, u . u*
,

{
(5)

where u* . 0 is a constant and is referred to as the “critical
soil moisture value” where evapotranspiration switches from
being in a “water-limited regime” (when u , u*) to being in
an “energy-limited regime” (when u . u*). This parameteriza-
tion is commonly invoked to explain emergent phenomena in
numerical land–atmospheric models (Koster et al. 2004; Hsu
and Dirmeyer 2023), though observing the critical value has
been challenging (Koster et al. 2006) and the emergent
“regimes” have been shown to smoothly transition between
one another in process-based land–atmosphere thermody-
namic analyses (Vargas Zeppetello et al. 2019). We also in-
clude for comparison a “breakpoint” curve to show that our
results are consistent with the breakpoint representation of
the temperature–soil moisture phase space, as proposed in
Benson and Dirmeyer (2021).

Figure 3 shows how temperature relates to soil moisture for
various parameterizations of the latent heat flux dependence

on soil moisture. The nonlinear coupling between tempera-
ture and soil moisture is insensitive to the specification of how
the latent heat flux depends on soil moisture. Moreover, we
find the presence of two clear regimes: one regime where soil
moisture only weakly affects temperature (for high soil mois-
ture values) and one regime where soil moisture strongly in-
fluences temperatures (for low soil moisture content). This
explains the breakpoints in the temperature–soil moisture
phase space found by Benson and Dirmeyer (2021); only our
approach has the advantage of smoothly transitioning be-
tween each regime. The only assumptions required for this to
hold in (4) is that evapotranspiration increases with soil mois-
ture content and that the dry heat fluxes scale, to first order,
linearly with temperature. These assumptions are supported
by a wide body of literature (Budyko 1961; Seneviratne et al.
2010; Vargas Zeppetello et al. 2022).

5. The soil moisture–atmosphere coupled model

We now turn to a quantitative analysis to quantify the influ-
ence of this nonlinearity on temperature extremes. To do
so, we build a conceptual soil moisture–atmosphere coupled
model (SMACM) based off the framework outlined in section 4.
When introducing our parameterizations of the fluxes, we closely
follow the procedure outlined in Vargas Zeppetello et al. (2022),
see their section 2b.

a. Model formulation

1) PRELIMINARIES

SMACM is a one-dimensional box model of surface tem-
perature and soil moisture, where the land surface is forced
by variations in net shortwave radiation and dewpoint tempera-
ture. The land surface is described by a dynamic temperature T
and soil moisture content m, where m is a value between zero
and unity that denotes the fractional saturation of the land

FIG. 3. The influence of different parameterizations for ‘u(u) on
near-surface temperature using (4) after normalization. Piecewise
refers to invoking (5) for ‘u(u). The breakpoint curve highlights
how a breakpoint model for the temperature–soil moisture phase–
space relationship [à la Benson and Dirmeyer (2021)] compares
with our nonlinear curves (i.e., the black, orange, green, and yellow
curves).
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surface. Note here that m refers to the uppermost layer of the
soil column. The surface has a heat capacity, C, and analogously,
a soil moisture holding capacity is given by m 5 rlhumax, where h
is the height of the soil column, rl is the density of liquid water,
and umax is the maximum available pore space in the soil column
that can be occupied by liquid water. The land surface is coupled
to a nondynamic atmosphere with dewpoint temperature Td and
reference specific humidity qr; we will discuss the rationale be-
hind considering these attributes in our modeling framework
below.

2) MOISTURE SECTOR

We begin by focusing on the surface water budget. Conser-
vation of water mass at the surface can be written as

m
dm
dt

5 P 2 E 2 R 2 I , (6)

where P is precipitation forcing, R is runoff, and I is infiltra-
tion. All terms in (6) are given in kilograms per square meter
per second. Runoff and infiltration are considered to act on
far shorter or longer, respectively, time scales than is relevant
for our analysis. Hence, runoff and infiltration act to keep soil
moisture within restricted bounds set by the field capacity, m;

therefore, R5 I 5 0, and we restrict 0 # m # 1. Therefore,
we have

m
dm
dt

5 P 2 E: (7)

Following previous work (e.g., Manabe 1969; Vargas Zeppetello
et al. 2022), the total evapotranspiration from the surface soil
layer can be written as

E 5 nm[qs(T) 2 qr], (8)

where qs(T) is the saturation humidity given by the Clausius–
Clapeyron relationship and n is the surface evaporative con-
ductance. In (8), n captures the influence of vegetation on
evapotranspiration, where higher (lower) values of n repre-
sent a land surface that evaporates more (less) liquid water
for a given atmospheric demand for water vapor. To simplify
(8), we linearize around the dewpoint temperature:

E ’ ngm(T 2 Td), (9)

where g is the temperature derivative of the Clausius–
Clapeyron relationship evaluated at the dewpoint tempera-
ture, and we have used the identity qs(T5 Td)5 qr. Using (9)
in (6) results in

FIG. 4. The (a) 2-m air temperature, (b) soil moisture fraction, (c) latent heat flux, and (d) dry heat flux for the SGP
summer of 1987. ERA5 time series are the black dashed lines, while SMACM outputs are the solid gold lines. Each
panel uses summertime (JJA) daily average values from the ERA5 reanalysis product from the summer of 1987.
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m
dm
dt

5 P 2 ngm(T 2 Td): (10)

Note that we here neglect the evapotranspiration from deeper
soil moisture layers, as this expression is focused only on sur-
face soil moisture content m. By Taylor expanding the evapo-
transpiration around the dewpoint temperature, we have also
not allowed the condensation of dew at the surface, which
makes up a negligible fraction of the surface moisture budget
during summer.

3) ENERGY SECTOR

The land surface is forced by net shortwave radiation, de-
noted as FSW, that is assumed to be independent of the model
state (i.e., we do not account for land–atmosphere feedbacks
on shortwave radiation). The energy budget is balanced by
latent, sensible, ground, and net longwave channels, denoted
by L, H, G, and FLW, respectively. Energy conservation at the
surface is written as

C
dT
dt

5 FSW 2 FLW 2 G 2 H 2 L , (11)

where all terms are given in watts per square metre. Consis-
tent with our linearized parameterization of evapotranspi-
ration given by (9) and following previous work (Vargas
Zeppetello et al. 2022), we parameterize the sum of the
longwave and sensible heat fluxes as linear departures from
the atmospheric dewpoint, such that

H 1 FLW ’ a(T 2 Td), (12)

where a . 0 is the dry feedback sensitivity parameter. We
approximate the ground heat flux as a constant fraction of the
average incoming radiation, G5 zFSW, following Martens
et al. (2020), where z parameterizes the type of vegetation in
the area (tall vegetation leads to lower values of z and vice
versa for shorter vegetation).

We reemphasize that, in our formulation, the dewpoint ef-
fectively acts as a reference temperature that the model would
relax to on slow time scales if net solar radiation was zero.
The motivation for this choice is to maintain a tractable model
that also closes the surface moisture budget (Note the energy
flux associated with dew condensation in the summertime is
negligible in most midlatitude climates, meaning both the
moisture and energy budget are approximately closed using
this parameterization).

The total evapotranspiration is given by (8), which allows
us to write the latent heat flux as

L 5 lngm(T 2 Td): (13)

We can now use (12) and (13) in (11) to arrive at

C
dT
dt

5 F 2 (a 1 lgnm)(T 2 Td), (14)

where we have defined F :5 FSW 2 zFSW :

4) THE SOIL MOISTURE–ATMOSPHERE COUPLED MODEL

Taking (14) and (10) together, the governing equations of
SMACM are given by

C
dT
dt

5 F 2 (a 1 lgnm)(T 2 Td), (15)

m
dm
dt

5 P 2 ngm(T 2 Td): (16)

For a summary of model parameters and average orders of
magnitude used throughout this paper, see Table 1. SMACM
can be seen as a linearized version of the soil energy balance
model developed by Vargas Zeppetello et al. (2022), see their
Eqs. (7) and (8).

b. SMACM in thermal equilibrium

Our analysis of the soil moisture–temperature phase space
in Fig. 2 (specifically Figs. 2g–l) suggested that soil moisture is
associated with 58–108C changes in the mean state of tempe-
rature but plays less of a role in determining temperature
variability. This implies that the time scales over which soil
moisture influences temperature are smaller than the time
scales over which atmospheric variability influences tempera-
ture. Conceptually, this picture aligns with the current under-
standing of extreme events, which can be thought of as an
interaction of different physical mechanisms that possess dif-
ferent characteristic response time scales (Proistosescu et al.
2016).

In appendix A, we make this notion concrete by proving
that the time scale associated with purely surface temperature
fluctuations [Eq. (15)] is subdaily and is much smaller than
that of soil moisture dry-down [Eq. (16)], therefore formaliz-
ing a common assumption in various studies (e.g., Koster and
Suarez 2001; Seneviratne et al. 2006b). In the parlance of dy-
namics, this would suggest that SMACM is “time scale sepa-
rated,” wherein one quantity (temperature) varies much
faster than another (soil moisture). Since temperature is the
fast variable in SMACM, restricting our analysis to slow time
scales is equivalent to analyzing the behavior of SMACM in
thermal equilibrium.

Before we can invoke thermal equilibrium, we must first
check that our parameterizations hold on daily time scales.
We first test the validity of our dry heat flux parameterization
given by (12) on daily time scales by computing the correla-
tion between average dry heat fluxes (FLW 1H) and the aver-
age near-surface temperature anomaly above the dewpoint
temperature using a number of averaging windows in ERA5,
see Table 2. We find that, the larger the averaging window we
consider, the higher the correlation between the two quantities
we obtain in a variety of locations. This gives us confidence that
our parameterization is fit for purpose on model-relevant time
scales.

Second, we must confirm that 2-m dewpoint temperature
can be reasonably approximated as an exogenous forcing on
2-m air temperature on daily time scales. This allows us to
ignore any influence that 2-m air temperatures may have on
2-m dewpoint temperatures. We verify this assumption by
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computing the lagged correlation between the two quantities
in ERA5 (see Figs. S4–S6). We find negligible correlation
between dewpoint temperature and air temperature response
on time scales of more than ;3 days, giving us confidence
that, on long time scales, dewpoint can be treated as approxi-
mately independent from surface temperature. Note that this
choice is also consistent with past modeling studies (Vargas
Zeppetello et al. 2022).

We can now take advantage of time-scale separation in
SMACM to derive two novel theoretical results. The first is a
diagnostic relationship between temperature and soil mois-
ture on time scales longer than 1 day. Time-scale separation
implies that, on long time scales, the temperature derivative
in (15) can be set to zero. This is a common approach in other
models that possess more than one characteristic response
time scale (e.g., Held et al. 2010). Here, as the time scale we
are interested in is supradaily, we set all model forcings to
their daily mean values (this applies to FSW, Td, and P).

Solving the SMACM model equations under these assump-
tions leads to

T(m) 5 T0
1

1 1 hm

( )
1 Td, (17)

where we have defined a “dry-out temperature”

T0 :5
F
a

(18)

and a coupling parameter

h :5
lgn

a
, (19)

where F and Td are the daily mean net downward radiative
flux and daily mean dewpoint temperature, respectively.

The T0 and h have salient physical interpretations. The T0

is the maximum soil moisture–induced temperature departure
from the dewpoint temperature (occurring when the surface
is completely dry). This upper bound is set purely by the ratio
of shortwave forcing to the dry surface response parameter,
a. We refer to T0 as the dry-out temperature for the remain-
der of this manuscript.

The coupling parameter, h, measures the coupling strength
between surface soil moisture and temperature. The strength
of the coupling parameter is determined by the relative
strength of the latent heat feedback associated with a satu-
rated surface layer to the strength of the dry feedback. This
parameter captures the influence of evapotranspiration from
surface-level soil moisture on the overall energy budget and
conceptually equivalent to the inverse of the Bowen ratio.

In (17), the dewpoint temperature is a background state
that is supplemented by the temperature variations attribut-
able to soil moisture. In the language of dynamical systems,

TABLE 1. List of SMACM state variables, model forcings, physical constants, and parameter names, their symbols, average OM, and units.

Symbol OM Units

State variable
Surface temperature T 102 K
Time t 1 s
Soil moisture fraction m 1021 }

Model forcing
Shortwave radiative forcing FSW 102 W m22

Precipitation P 1021 kg H2O m22 s21

2-m dewpoint temperature Td 102 K
Physical constant

Latent heat of vaporization l 2.5 3 106 J kg H2O
21

Clausius–Clapeyron derivative at mean Td g 1024 K21

Effective heat capacity of surface layer C 10 J K21 m22

Parameter
Dry feedback strength a 10 W m22 K21

Surface evaporative conductance y 1022 kg H2O m22 s21

Soil holding capacity m 10 kg H2O m22

Dry heat flux offset fD 10 W m22

Latent heat flux offset fL 10 W m22

Ground heat flux fraction z 1021 }

Maximum fraction of available pore space umax 1021 }

TABLE 2. Coefficient of determination (r2) values in each
location between FLW 1H and T 2 Td over a number of
averaging windows. Note the averaging windows are all in days,
i.e., an averaging window of 3 is the regression between the
3-day average sum of dry fluxes and the 3-day average difference
in temperature and dewpoint temperature. All results are
calculated using the ERA5 reanalysis.

Location 1 3 5 7 14

SGP 0.5487 0.6544 0.6993 0.7236 0.7553
Wichita, Kansas 0.5046 0.6287 0.6837 0.7138 0.7600
Atlanta, Georgia 0.8309 0.8850 0.9035 0.9139 0.9308
Dallas, Texas 0.7618 0.8267 0.8550 0.8708 0.8940
Washington, D.C. 0.7792 0.8437 0.8664 0.8802 0.9048
Minneapolis, Minnesota 0.6435 0.7208 0.7530 0.7745 0.8142
Seattle, Washington 0.6947 0.7887 0.8250 0.8441 0.8718

B AUER E T A L . 740315 DECEMBER 2025

Brought to you by University of Illinois Urbana-Champaign Library | Unauthenticated | Downloaded 04/08/26 07:18 PM UTC



(17) is referred to as a nullcline, defined as a manifold in
phase space where the dynamics of one or more variables
is neglected (Strogatz 2018). Such expressions are useful for
the analysis of dynamical systems possessing more than one
distinct time scale (e.g., Bauer and Carter 2021). We will
henceforth refer to (17) as the temperature nullcline or just
“the nullcline” in the remaining discussion.

The second key result is a nonlinear Hasselmann-like model
(Hasselmann 1976) for the temperature-driven soil moisture
response to stochastic precipitation forcing. Using the nullcline
[(17)] for temperature in (16), we can write

m
dm
dt

5 P 2 ngT0
m

1 1 hm

( )
: (20)

We see that h again determines the degree of nonlinearity,
this time of the response of soil moisture to precipitation forc-
ing. This procedure has decoupled the evolution of tempera-
ture and soil moisture on supradaily time scales. Equation
(20) has the advantage of allowing us to simulate soil moisture
time series under the influence of just two daily mean forcings
(downward shortwave and precipitation) with each parameter
fit directly to ERA5 reanalysis. Furthermore, (20) admits an
analytical solution for its response to precipitation forcing,
and we will utilize this analytic solution later to derive the
central moments of the soil moisture distribution in terms of
model parameters.

c. Model evaluation

1) FITTING MODEL PARAMETERS

To compute model parameters, we carry out regressions using
(12) and (9) on 3-day average fluxes against 3-day average state
variable anomalies, where anomalies are computed relative to
the climatic mean state, using ERA5 reanalysis over the period
1979–2021 in the months of JJA. The regression of dry fluxes
against temperature anomalies relative to the dewpoint results
in a, while the regression of evapotranspiration against tem-
perature anomalies relative to the dewpoint (weighted by soil
moisture content) results in n . The remaining free parameters
(umax and z) were tuned such that we minimize the residuals
for the soil moisture and temperature time series, which
determines m and F.

2) LINKING SURFACE TEMPERATURE TO 2-M AIR

TEMPERATURE IN ERA5

In performing the prescription described above, we encoun-
ter two offset terms, fD for the dry heat fluxes and fL :5 lfE

for the latent heat flux resulting from additional evapotranspi-
ration fE, that are given by the intercepts of our regressions.
These offsets represent additional heat fluxes, treated as cons-
tant in time, that come from land–atmosphere interactions
not captured in our model that influence 2-m air temperature
and the surface heat fluxes. As an example, the additional dry
heat flux could come from net warm air advection, while the
additional latent heat flux could come from transpiration of
root-level soil moisture into the surface boundary layer or
precipitation that evaporates en route to the surface. As we

will see, treating these additional fluxes as constant in time is
sufficient for reproducing 2-m air temperatures in ERA5. Fur-
thermore, the inclusion of these offsets does not change any
of the theoretical results of the paper; they simply change the
zero points of 2-m air temperature and the surface fluxes.

We treat the influence of these fluxes on surface temperature
the same way that we treated shortwave forcing, with their im-
pact being modulated by surface soil moisture via a nullcline
equation. This follows from treating these constant radiative
fluxes the same way we treated the ground heat flux, itself a
constant heat flux, in the derivation above. Therefore, if we de-
fine the adjusted forcing as Fadj :5 FSW 2fD 2 lfE 2 zFSW,
we can compare 2-m air temperature, dry heat fluxes, and latent
heat flux in our model (given by T̂2m, Ĥ, and L̂, respectively)
against that of ERA5 using the following mappings:

T̂2m(m) 5 Fadj
1

a 1 lgnm

( )
1 Td, (21)

Ĥ(m) 5 Fadj
a

a 1 lgnm

( )
1 fD, (22)

L̂(m) 5 Fadj
lgnm

a 1 lgnm

( )
1 fL, (23)

where (22) and (23) were found by using (17) in (13) and (12),
respectively.

3) EVALUATING MODEL FIT

Using the model parameters found via our regression-based
procedure described above and daily mean JJA reanalysis
shortwave radiation, precipitation, and 2-m dewpoint temper-
ature output from ERA5 1979 to 2021, we integrate (20) and
use the resulting soil moisture time series to diagnose temper-
ature and heat fluxes using (21)–(23) over the SGP. The re-
sulting time series are shown in Fig. 4, where we show both
ERA5 and SMACM time series in the SGP for the summer
of 1987. We use the summer of 1987 because of its prolonged
period of soil desiccation between the end of July and the be-
ginning of August that shows how our model captures periods
of dry soils, which lead to elevated temperatures, higher dry
heat fluxes, and less latent heat. We show a longer validation
period for SGP, Atlanta, and Washington, D.C. in Figs. S7–S9
to further support our model verification. We are particularly
interested in periods where soil moisture is low (green shading
in Fig. 4), where a reduction in the latent heat flux (Fig. 4c) is
met with an increase in the sensible and longwave heat fluxes
(Fig. 4d), as well as an increase in near-surface air temperature
(Fig. 4a). Some high-frequency variability in SMACM is miss-
ing because we have not included all of the relevant fast fluctu-
ations in atmospheric circulation (i.e., fD is constant), such as
thermal advection. Despite this, SMACM (i) reproduces soil
moisture variations in ERA5 as well as (ii) the partitioning of
sensible and latent heat. SMACM is also able to reproduce the
long time-scale temperature variations, particularly elevated
mean temperatures during times of dry soil moisture con-
ditions. Note that the time-scale separation in SMACM
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described earlier is not clearly observed in Fig. 4 owing to rain
that buffets the temperature response.

6. The role of soil moisture in temperature extremes

We can now utilize SMACM to understand how soil mois-
ture influences temperature extremes. One caveat to what fol-
lows is that we choose to focus on the same case studies
outlined in Fig. 2, as these locations span the range of possible
soil moisture–temperature phase spaces (i.e., minimal to
strong correspondence), as opposed to analyzing the entire
midlatitudes. This approach has the advantage of allowing
for more detailed study of representative scenarios but lacks
in providing a truly global picture [see Duan et al. (2024)
for a global analysis of this topic using fully coupled climate
models].

a. Heat wave frequency

The nullcline can be used to understand how soil moisture
influences heat wave frequency. In Figs. 5a–c, we show the
daily temperature–soil moisture phase space of the SGP,
Atlanta, and Washington, D.C. with the temperature nullcline
overlaid in green, assuming climatological values (computed
using reanalysis) for the net shortwave radiation and dew-
point temperature. We find that the nullcline accurately cap-
tures the mean influence of soil moisture on temperature

across coupling regimes (i.e., where h is large and small, as is
the case in SGP and Washington, D.C., respectively). More-
over, the nullcline also captures the nonlinear influence of soil
moisture on temperatures, providing a physical underpinning
for the breakpoints observed in the temperature–soil moisture
phase space (without invoking a breakpoint in the flux param-
eterizations) (Benson and Dirmeyer 2021). We apply dew-
point temperature anomalies to the nullcline in each location
to show the impact of atmospheric variability on the orienta-
tion of the nullcline in phase space (dashed green lines). (An
analogous figure for radiative forcing anomalies has identical
implications, see Fig. S10.)

When the soil is dry, less extreme dewpoint temperature
anomalies are needed to exceed the local 99th temperature
percentile than when the soil is wet. We calculate the anomaly
size needed to exceed the local 99th percentile, as well as the
probability of such an event occurring, as a function of soil
moisture in Figs. 5d–f. For the SGP, the anomaly size required
grows nonlinearly with soil moisture, whereas in Washington,
D.C., the anomaly size is relatively flat. The higher the degree
of nonlinearity between temperature and soil moisture (i.e.,
higher h values), the more the dry soils load the dice in favor
of heat waves. The converse is also the case: in regimes where
soil moisture is strongly coupled to temperature, wet soils
imply that the odds of a heat wave occurring are incredibly
small.

FIG. 5. The temperature–soil moisture phase space for the (a) SGP, (b) Atlanta, and (c) Washington, D.C., with the mean temperature
for each soil moisture decile (gold line) and the temperature nullcline [(17), green solid line]. The dashed lines are the nullcline after
anomalies of varying size in 2-m dewpoint temperature have been applied. We also show the soil moisture histograms for ERA5 (orange)
and our Hasselmann model [(20), light blue]. In (d)–(f), the solid lines show the required anomaly size in the 2-m dewpoint temperature
for 2-m temperature given by (17) to exceed the 99th percentile in each location as a function of soil moisture. The dashed lines represent
the probability of such an anomaly to occur, assuming a normally distributed dewpoint temperature. (a)–(c) use summertime
(JJA) daily average 2-m temperature and daily average soil moisture (of the topmost layer) values from the ERA5 reanalysis product
from 1979 to 2021.
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This phenomenon can be explained by the coupling para-
meter h determining the curvature of the nullcline, i.e., we
can write

DT :5
T(m 5 1) 2 T(m 5 0)

T0
5

h

h 1 1
: (24)

If h is small (weak coupling regime), then DT ; 0, and soil
moisture’s influence on temperature disappears by virtue of
the nullcline “flattening out.” This would occur in regimes
where the dry feedbacks dominate the latent feedbacks. If h
is large (strong coupling regime), then DT; 1, resulting in the
maximum difference between temperatures when the soil is dry
or wet. Such behavior is concurrent with a “water-limited” cou-
pling of soil moisture and evapotranspiration, and thus, tempera-
ture, in a given location.

The nullcline equation clearly quantifies how the nonlinear
coupling between soil moisture and temperature influences
heat wave frequency: in locations with high h parameters,
relatively common atmospheric events can cause temperature
extremes when the soil is dry, implying that the frequency at
which the soil dries out is a leading order indicator of heat
waves in these locations. In locations with low h parameters,
soil moisture matters little for heat wave frequency, if at all,
owing to its minimal influence on near-surface temperatures.

As a quantitative exercise, we use (17) to compute the ratio of
temperature variance owing to soil moisture to total tempera-
ture variance in seven locations. We utilize the ERA5 daily
mean soil moisture time series at each location and use it to
force (17) with the shortwave forcing and the dewpoint tempera-
ture set to their climatological average values (to isolate the role
of soil moisture). The variance is then taken and compared with
the total temperature variance from ERA5 in each location.
The parameter values at each location (i.e., h and T0) are calcu-
lated by fitting the model to ERA5 time series, as was done in
Fig. 4. Soil moisture mean and variance is calculated from ERA5.

The results of this exercise are shown in Table 3. We find
that in locations where h and T0 are large, and soil moisture is
generally dry while still maintaining nonnegligible variance,
the ratio of soil moisture–induced daily temperature variance to
total daily temperature variance is significant (�40%). Mean-
while, areas like Washington, D.C., Seattle, and Minneapolis
have relatively low h and/or T0, leading to a small fraction of
temperature variance owing to soil moisture. These findings

corroborate the results from Fig. 1, where higher fractions of
dry heat waves are found where the ratio of temperature var-
iances seen in Table 3 is highest, and the lower fractions are
found where variances are lowest.

b. Heat wave intensity

Soil moisture’s impact on heat wave intensity can be deter-
mined by assuming the soil is dry (if the soil is wet, heat waves
are either just as or far less likely than when the soil is dry, de-
pending on the coupling strength, see Figs. 5d–f). In this re-
gime, the departure of temperature away from the dewpoint
temperature is determined by T0 or “dry-out” temperature.
Atmospheric dynamics impact the nullcline by altering the
magnitude of the dry-out temperature. (Recall T0 linearly de-
pends on FSW.) Thus, when shortwave forcing is high, the im-
pact of the land thermodynamics on near-surface temperature is
exacerbated, particularly when the soil is dry. Our framework
therefore suggests an important feedback mechanism between
the atmospheric forcing and local thermodynamics, where strong
atmospheric forcing makes the land response more skewed to-
ward extremely high temperatures. This finding is congruent
with another recent theory of temperature extremes, which pos-
its that soil moisture acts orthogonally to the influence of atmo-
spheric dynamics and controls how close to the theoretical
upper bound the land is able to rise to Zhang and Boos (2023).
We find that, with the exception of Seattle, T0 captures at least
65% of the temperature departure from the mean dewpoint
temperature on the hottest day in the reanalysis product (see
Table 3), despite our omission of any intricacies related to
atmospheric forcing (i.e., blocking events) in our framework.

c. Soil moisture variability

So far, we have consistently invoked dry soil conditions to
demonstrate the role of soil moisture in temperature ex-
tremes. But how often does the soil dry out? Indeed, the non-
linearity between temperature and soil moisture described
above is a necessary but not sufficient condition for soil mois-
ture dynamics being a leading order factor in heat wave
frequency. Soil moisture is impacted by both precipitation
frequency and intensity that ultimately control its influence
on temperature. For example, if the temperature nullcline is
highly nonlinear, but the soil is perpetually dry or wet, then
the nonlinearity does not matter because soil moisture is

TABLE 3. We calculate the ratio of temperature variance owing to soil moisture to total temperature variance for seven locations in the
continental United States. We also show the ratio of the dry-out temperature, T0, to the maximum departure from the mean dewpoint
temperature in the reanalysis product, TX :5max(T)2 Td, for seven locations in the continental United States. Provided as well are the
nonlinear strength parameter h, the dry-out temperature T0, and the mean and variance of the soil moisture distribution in each location.

Location h (–) T0 (8C) m (–) s2
m (–) s2

Tm
/s2

T (–) T0/TX (–)

SGP 1.81 13.0 0.36 0.06 0.42 0.70
Wichita, Kansas 1.80 11.9 0.41 0.07 0.36 0.71
Atlanta, Georgia 1.74 9.31 0.42 0.07 0.49 0.69
Dallas, Texas 1.59 11.2 0.31 0.07 0.55 0.69
Washington, D.C. 1.40 11.15 0.49 0.06 0.22 0.82
Minneapolis, Minnesota 1.08 10.6 0.31 0.04 0.13 0.76
Seattle, Washington 0.61 6.54 0.34 0.05 0.05 0.38
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too restricted in phase space to cause significant tempera-
ture variance (the Arabian Desert, shown in Fig. 1d, is an
example of this scenario). Hence, the soil moisture distribu-
tion also plays a crucial role in assessing the amount of tem-
perature variance owing to soil moisture.

We can utilize (20) to determine the controls on the underly-
ing soil moisture distribution. First, we compute the distribution
of soil moisture when (20) is forced with ERA5 precipitation
time series in Figs. 5a–c and see that our model largely reprodu-
ces the distribution of soil moisture found in ERA5, despite ne-
glecting atmospheric forcing other than precipitation. We can
further understand the controls on the soil moisture distribution
by solving for its moments analytically. We can carry out this
calculation in three parts. First, we solve (20) in the period
immediately after a rain event, i.e., when the initial soil mois-
ture content is nonzero and P5 0. We then allow the precipi-
tation to be modeled as a series of instantaneous injections into
the soil, and using our solution for when P5 0, we construct
the full solution to (20). Last, we solve for the moisture distri-
bution moments using stochastic calculus.

d. Analytic solution to the nonlinear Hasselmann-
like model

1) SINGLE EVENT

The response of (20) can be analytically solved for in the fol-
lowing way. Consider a completely dry soil column that is injected
with moisture owing to a rain event of intensity 0, p# 1 occur-
ring at t5 t0. We assume, for now, that for all times t. t0, no rain
occurs. Then, the soil moisture dynamics after the rain event are
governed by (20) with P5 0. With this setup, we can investigate
the dry-down dynamics by considering

m
dm
dt

52ngT0
m

1 1 hm

( )
, (25)

which can be solved via direct integration. After rearranging
and carrying out the integral, we have

lnm(t) 1 hm(t) 5 ln p 1 hp 2
(t 2 t0)

t
, (26)

where we have defined

t :5
ml

hF
: (27)

Here, t is a time scale associated with soil moisture dry-
down.1 Exponentiating each side of (26) and multiplying both
sides by h, we have

hm(t)ehm(t) 5 hpehpe2(t2t0)/t, (28)

which can be solved for m(t) using the principle branch of the
LambertW function (Corless et al. 1996), such that

m(t) 5 1
h
W0(hpehpe2(t2t0)/t): (29)

Equation (29) tells us that after a rain event, soil moisture
decays polylogarithmically toward zero as t " ‘, rather than
exponentially, a consequence of considering the full non-
linear dynamics in (20). This dry-down pathway is unique to
the literature, as it is often assumed that soil moisture dry-
down follows an exponential decay profile (e.g., Teuling et al.
2006; McColl et al. 2019; Vargas Zeppetello et al. 2022).2 We
find that, within our modeling framework, the exponential
decay approximation only holds after small rain events, since
m(t) ’ p exp[2(t 2 t0)/t] for small p, see Fig. 6.

2) FULL SOLUTION

We will now construct the solution to (20) for a series of rain
events. Precipitation events, in this model, are instantaneous
injections of moisture into the soil column, where the intensity
of each event is drawn from a gamma distribution, and events
occur in Poisson intervals (Eagleson 1978). Hence, for N rain
events, we have

P(t) 5 ∑
N

i51
pid(t 2 ti), (30)

where pi is the intensity of each event, ti is the time at which
the event occurs, and d(x) is the Kronecker delta function.
Given that (29) dictates the remaining moisture at every
time t after one precipitation event occurs, for a set of precipi-
tation events with intensity pi occurring at t 5 ti, the moisture
time series can be written as a sum of each precipitation
event’s contribution to the soil moisture column, such that

m(t) 5 1
h
∑
N

i51
u(t 2 ti)W0[hpiehpi e2(t2ti)/t], (31)

where u(x) is the Heaviside function, defined as

u(x) :5 0 x , 0,

1 x $ 0:

{
(32)

An important approximation made in formulating (31) is we
assumed that a nonlinear differential equation obeys the super-
position principle, which is, in general, not true. However,

1 Note that t is not to be interpreted as the “characteristic” time
scale of soil moisture dry-down, as a characteristic time scale is ca-
nonically defined as a time scale t such that m(t) 5 pe2t/t, which
does not accurately capture the behavior of soil moisture in our
model, see (29).

2 Our finding that the soil moisture dry-down profile follows
polylogarithmic decay rather than exponential decay is not at odds
with such previous work, however, given that each of these papers
finds dry-down time scales via fitting an exponential profile to
soil moisture dry-down data. Using an exponential decay profile
in this application significantly simplifies the task of computing
soil moisture dry-down time scales, and, as these authors have
shown, captures the relevant processes reasonably well. How-
ever, our approach, which is to fit a model to fluxes directly and
then find the soil moisture dry-down profiles analytically, re-
sults in values of the dry-down time scale in terms of flux param-
eters such as the dry response and surface conductance; this
information is not present when fitting directly to data. This
explains the insufficiency of using an exponential model in our
case, shown in Fig. 6.
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numerical simulations show that inaccuracies in (31) occur only
after a rain event and decay to the numerical solution in time, see
Fig. 6. Hence, we conclude that (31) is a sufficiently accurate ap-
proximation of the full dynamics for our purposes.

e. Solving for the moments of the moisture distribution

We now solve for the moisture distribution moments by as-
suming that precipitation can be modeled as individual events
whose amplitude is drawn from a gamma distribution and
that occur at Poisson intervals (Eagleson 1978). Consider (20)
and allow the precipitation to be modeled by (30). This pa-
rameterization of precipitation can be referred to as “shot
noise” (Rice 1977). For initially dry soil that experiences a
precipitation event with intensity p at t 5 ti, according to (29),
the moisture time series is given by (29). With the solution in
hand, we can compute the moments of the moisture distribu-
tion. Appropriating the setup from Vargas Zeppetello et al.
(2022), we compute the noncentral moments of the soil mois-
ture distribution in appendix B [see Eqs. (B14) and (B17)–
(B19)], which we use to derive the central moments as

mm :5 m 5 Zp 1
vlm

2F
p2 , (33)

s2
m :5 m2 2 m2

m 5
Z
2
p2 1

vlm

3F
p3 , (34)

Sm :5
m3 2 3mms

2
m 2 m3

m

s3
m

5

���
1
Z

√
p3

3
1

hp4

4

( )
p2

2
1

hp3

3

( )23/2

,

(35)

where v . 0 is the frequency of rain events, mm is the mean,
s 2
m is the variance, and Sm is the skewness, and we have

defined Z :5vt.
Our results corroborate previous analysis that found the soil

moisture distribution was crucially reliant on the ratio of the
drying time scale (t in our framework) and the periodic spac-
ing of precipitation events (given by v) (Vargas Zeppetello
et al. 2022). However, previous work assumed an exponential
dry-down profile for soil moisture in response to precipitation
events, which we have shown to not be the case in general
[see (31)]. This inclusion of a nonlinear response of soil
moisture to precipitation events has implications for the
moments of the soil moisture distribution: an additional
term is included in each central moment that depends on
higher moments of the precipitation distribution. Indeed,
the nth soil moisture moment depends on the (n 1 1)th
moment of precipitation. This calculation shows how the addi-
tional nonlinear effects of soil moisture’s response to precipita-
tion forcing influences the resulting moments of the soil
moisture distribution, and thus soil moisture’s influence on
temperature extremes.

7. Synthesis

We have explored the modulation of heat waves by soil
moisture found in observations (see Fig. 1) by showing that
near-surface temperature fluctuations can be reliably decom-
posed into a component driven by rapid atmospheric vari-
ability and another driven by slow soil moisture dynamics

FIG. 6. (a) The soil moisture time series solved for by numerically integrating the full dynamics
(15) and (16) (black line). The gold dotted curve shows a numerical integration of (20) and the
blue dashed curve show the corresponding (31). The green curve shows the solution to (20) if an
exponential decay profile (rather than a Lambert W profile) is assumed. These simulations are
over one summer, with synthetic precipitation noise modeled after (30) and parameter values
found after fitting the model to ERA5 data. (b) The relative difference between the gold curve
and the blue and green curves in the top panel.
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(see Fig. 2). We find that slow soil moisture variability has a
potentially nonlinear impact on the background temperature
state, depending on the surface characteristics, while rapid
atmospheric variability is well approximated as linearly addi-
tive on the top of background state variations (Figs. 2g–l).
We then developed a general theoretical framework to un-
derstand why this is the case and how a nonlinear relation-
ship between soil moisture and temperature arises out of
simple energy and mass balance. We turn this general frame-
work into an empirical model, which encodes the fast and
slow modes of temperature variability into a unified, two-
time-scale dynamical system. The same nonlinear coupling
between soil moisture and temperature that we found in
observations and reanalysis is captured by our empirical
approach via a coupling parameter, h, that is roughly equiva-
lent to the inverse of the local Bowen ratio. We also find that
the slow soil moisture variability is well approximated as
primarily driven by stochastic precipitation, with other at-
mospheric forcing factors likely playing a secondary role
(Figs. 5a–c).

Both a strong nonlinear coupling and significant soil mois-
ture variability are required for soil moisture to be a strong
control on heat waves. The degree of nonlinearity is encoded
in the temperature nullcline [Eq. (17)] via the coupling pa-
rameter h, which represents, in our framework, a kind of
Bowen ratio. The coupling parameter varies across space and
depends on land surface properties (such as the surface con-
ductance). Differences in the strength of the nullcline partially
explain the heterogeneity of soil moisture’s influence on tem-
perature extremes. In strongly coupled locales (where h is
large), moisture depletion increases the potential for a heat
wave, and atmospheric anomalies turn this potential into actu-
ality. In weakly coupled locales (where h is small), soil mois-
ture matters little for temperature extremes, as the nullcline
“flattens out” and temperature extremes are determined pri-
marily by atmospheric forcing.

By combining the nullcline (17) with the Hasselmann-like
model for soil moisture (20), we carry out two calculations.
The first quantifies the fraction of temperature variance at-
tributable to soil moisture variability alone. We find that the
fraction of temperature variance attributable to soil moisture
fluctuations is highest in the same locations where heat waves
disproportionately favor dry soils (see Fig. 1). Our analysis
would therefore suggest that, over a majority of the continen-
tal midlatitudes, heat waves are conditioned on precipitation
deficits depleting soil moisture and priming the surface for
temperature extremes when a favorable atmospheric anomaly
occurs.

The second calculation is a set of analytic expressions for
the soil moisture distribution central moments, where we in-
novate on previous studies by allowing the full nonlinear soil
moisture response to be present. We find both similarities and
differences with previous analyses. Each soil moisture central
moment depends on a key hydrological ratio of time scales:
the ratio of the intermittency of rainfall and the time scale of
dry-down. However, by including the nonlinear response of
soil moisture to precipitation forcing, additional terms are

present, which capture the influence of higher precipitation
moments on the distribution of soil moisture.

In conclusion, our work presents a conceptual understand-
ing of the role of soil moisture on temperature extremes.
Our empirical model reproduces the spatial heterogeneity of
soil moisture’s influence on temperature variability near the
surface, and our Hasselmann-like model for soil moisture var-
iability highlights the key controls on the underlying soil mois-
ture distribution. Moreover, our model explains the arising of
breakpoints in the temperature–soil moisture phase space and
allows smooth transitions between the two regimes. However,
our framework is, by its very design, limited, and further work
is needed to unify our model with more complex representa-
tions of, say, boundary layer dynamics. Such improvements
would enhance the physical picture presented here and allow
for a more thorough analysis of the drivers of heat waves to
be carried out. Another fruitful direction for future work
could be focusing on humid temperature extremes [which
are important for extreme, harmful levels of heat stress
(Sherwood and Huber 2010)] by possibly using a framework
similar to the one used here to understand the nonlinear re-
lationship between soil moisture and wet-bulb temperature
found in ERA5 (Kong and Huber 2023).
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APPENDIX A

Proof of Time-Scale Separation in SMACM

In section 5, we argued that all temperature variability
can be decomposed into a “slow” mode driven by soil mois-
ture fluctuations and a “fast” mode driven by fluctuations
in shortwave radiation and thermal advection. Here, we
prove that, within SMACM, the time scale of thermal ad-
justment is fast relative to moisture adjustment, thus justify-
ing our separation of time-scale approach.

Assume in all that follows P5 0, as we are analyzing the
response of SMACM’s model equations to precipitation
forcing. Thus, the relevant equations are

B AUER E T A L . 740915 DECEMBER 2025

Brought to you by University of Illinois Urbana-Champaign Library | Unauthenticated | Downloaded 04/08/26 07:18 PM UTC

https://github.com/adam-bauer-34/BVZP-SM-Tex-SMACM-reprod
https://github.com/adam-bauer-34/BVZP-SM-Tex-SMACM-reprod


dT
dt

5
1
C
[F 2 (a 1 lgnm)(T 2 Td)] 5: fT(m, T), (A1)

dm
dt

52
ngm(T 2 Td)

m
5: fm(m, T), (A2)

where we have defined the right-hand sides of each equation
for simplicity in what follows.

a. Step 1: Equilibrium analysis

The equilibria of (A1) and (A2) correspond to the set of
solutions of the algebraic system fT(m, T) 5 fm(m, T) 5 0.
The fm(m, T) 5 0 implies there are two equilibrium, namely,
m 5 0 and T 5 Td. However, T 5 Td does not satisfy the
condition fT(m,T 5 Td) 5 0 for any m, as F Þ 0 by assump-
tion and C is finite. Therefore, the sole equilibrium is given
by (m*, T*)5 (0, T*), where T* :5 F/a 1 Td. This makes intu-
itive sense and is supported by other theories of temperature
extremes (Zhang and Boos 2023): the only equilibrium is a
totally dry soil column, and the temperature is prescribed
solely by atmospheric conditions and thermodynamic attrib-
utes of the surface.

b. Step 2: Determine stability of equilibrium

The stability of the equilibrium above is determined by
the Jacobian of (A1) and (A2) (Strogatz 2018). Therefore,
we evaluate

J (m, T) 5 ­TfT(m, T) ­mfT(m, T)
­Tfm(m, T) ­mfm(m, T)

[ ]
, (A3)

5
2(a 1 lngm)/C 2lng(T 2 Td)/C

2ngm/m 2ng(T 2 Td)/m

[ ]
, (A4)

where­x :5­/­x. Evaluating (A4) at (m*, T*) results in

J (m*, T*) 5
2a/C 2lngF/Ca

0 2ngF/ma

⎛⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎠ ? (A5)

Equation (A5) is an upper triangular matrix, and therefore,
the eigenvalues lie on the diagonals, and the corresponding
eigenvectors are the columns (Axler 1997). Therefore, the
eigenvalues are

E1 :52
a

C
, E2 :52

ngF
ma

: (A6)

As both eigenvalues are negative, the equilibrium (m*, T*) is
a stable node (Strogatz 2018).

c. Step 3: Solve for eigenvectors

As mentioned above, the eigenvectors are the columns of
(A5). Therefore, we have

j1 :5
1

0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠, j2 :5

Flngm
CFng 2 a2m

1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠, (A7)

where we have simplified each eigenvector to illustrate the
point that j1 points solely along the T axis and therefore
corresponds to thermal adjustments only. It follows that
the time scale associated along this direction of decay
corresponds to the time scale of thermal adjustment,
whereas the time scale of decay along j2 corresponds to
moisture adjustment (and the resulting temperature adjust-
ment as the soil dries). This proves that temperature has
two modes that evolve on different time scales, as repre-
sented in (17).

d. Step 4: Compare time scales of decay

The time scales of decay along j1 and j2 are found by
taking the absolute value and inverse of their corresponding
eigenvalues (Strogatz 2018), such that

t1 5
C
a
, t2 5

ma

ngF
: (A8)

Using the average order of magnitude (OM) of each parameter
from Table 1, we find that

t2
t1

; 106: (A9)

Thus, we have shown that the time scale of purely thermal
adjustment t1 is fast relative to the time scale of moisture
adjustment and its influence on temperature t2 as desired.

APPENDIX B

Computation of Soil Moisture Distribution Moments

The natural logarithm of the characteristic function C(l)
is the Fourier transform of the density function, which for
shot noise is given by

lnC(.) 5
�‘

0
f (p′)dp′

�‘

0
v{exp[i.m(t′, p′)] 2 1}dt′, (B1)

such that

C(. 5 0) 5 1, (B2)

where v is the average rainfall frequency and f(p) is the
probability density function of the precipitation intensities
pn. Then, the n moments of the moisture distribution are
given by the derivatives of the characteristic function, such
that

mn 52in
­nC

­.n

∣∣∣∣
.50

: (B3)

We may now introduce the notation

zn :5

�‘

0
f ( p′)dp′

�‘

0
m(t′ , p′)ndt′, (B4)

which can be solved for in the following way. We use (29) in
(B4) to write

J OURNAL OF CL IMATE VOLUME 387410

Brought to you by University of Illinois Urbana-Champaign Library | Unauthenticated | Downloaded 04/08/26 07:18 PM UTC



zn 5

�‘

0
f ( p′)dp′

�‘

0
m(t′ , p′)ndt′

5
1
hn

�‘

0
f ( p′)dp′

�‘

ti

W0[hpehpe2(t′2ti)/t]ndt′, (B5)

where we have absorbed the Heaviside function by changing
the bounds of integration. We perform our first variable sub-
stitution as

u :5 hpehpe2(t2ti)/t, (B6)

such that

du 52
u
t
dt′, UB 5 0, LB 5 hpehp: (B7)

The variable substitution given by (B6) results in the integral

zn 5
t

hn

�‘

0
f (p′)dp′

�hp′ehp′

0

W0(u)n
u

du, (B8)

where we have absorbed the negative sign by swapping the
upper and lower bounds of integration. We now perform a
second variable substitution, such that

y :5 W0(u), (B9)

or, equivalently,

u 5 yey (B10)

by the definition of the LambertW function. Then,

du 5 (y 1 1)eydy , UB 5 W0(hpehp) 5 hp, LB 5 0,

(A11)

since W0(0) 5 0 and W0(xe
x) 5 x. When (B9) is used in (B8),

we are enabled to write

zn 5
t

hn

�‘

0
f (p′)dp′

�hp

0
(yn 1 yn21)dy , (B12)

which solves exactly to

zn 5
t

hn

�‘

0
f (p′)dp′ h

n11pn11

n 1 1
1

hnpn

n

( )
: (B13)

Carrying out the precipitation integral results in

zn 5
th

n 1 1
pn11 1

t

n
pn , (B14)

where we have introduced the shorthand

xn :5

�
xnf (x)dx: (B15)

Noting that the nth moment of the precipitation distribution
(with n$ 1) is given by

pn 5 (p0)n 5 p0(p0 1 1) · · · (p0 1 n 2 1), (B16)

where p0 is the average rainfall and (p0)n is the (rising)
Pochhammer symbol, the noncentral moments can now be
computed using (B3) and (B16), such that

m 5 vz1, (B17)

m2 5 vz2 1 v2z21, (B18)

m3 5 vz3 1 3v2z1z2 1 v3z31, (B19)

as desired.
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